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VII. The Karmadn Street of Vortices in a Channel of Finite Breadth.
By L. RosENHEAD, Ph.D., University of Leeds; Strathcona Student, St. John’s College,
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;5 S (Communicated by H. JEFFREYS, F.R.S.)
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2 E (Received November 13, 1928.—Read January 31, 1929.)
2] . . . . . , . .
38 1. The following investigations deal with a KARMAN street of vortices, or
=w unsymmetrical double row, in a channel of finite width. A discussion on the

symmetrical double row has also been incorporated. For the sake of convenience
the work has been divided into two distinct parts—(l) Systems of Line Vortices
in a Channel of Finite Breadth, and (II) The KArRMAN Drag Formula for a Channel
of Finite Breadth. Part I has itself been divided into two sections headed
Problem I and Problem II, and these sections deal with the stream lines and
stability of the unsymmetrical and symmetrical double row respectively. Part II
discusses Problem I from the point of view of hydrodynamics and contains a
section dealing with the hydrodynamical significance of the stability investigations.
Summaries of the investigations have been kept distinct and can be found in
paragraphs (1.5) and (1.3) of Part I and Part II respectively.
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PartT I.—SvysTEMS OF LINE VorTicES IN A CHANNEL OF FINITE BREADTH.

1. Introduction.

) ¢

1.1. The form of the stream lines associated with double rows of line vortices, and

7~

_ the stability of such systems, have been discussed by von KArMAN.* Von KARMAN,
y y y
;5 — however, published only the outlines of his investigations and more details are given
O E by Lams.f Their papers deal with two configurations of vortices—firstly, there is the
= unsymmetrical double row, that is, two infinite parallel rows of line vortices, of equal
Y p q
E 8 strength and opposite sign, arranged so that each vortex of one row is opposite the centre
— of the interval between two consecutive vortices on the other row ; and secondly, there

is the symmetrical double row, in which the above system is modified so that each vortex
of one row is exactly opposite a vortex on the other row.
1.2. The results obtained by-von KARMAN can be stated briefly as follows: If «
* ¢Phys. Z.,” vol. 13, p. 53 (1912), and  Gétt. Nachr.,” p. 547 (1912).
T ‘Hydrodynamics,” p. 208 (1924).
VOL. CCXXVIIL.—A 665. 2 p [Published June 17, 1929.
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2176 L. ROSENHEAD ON THE KARMAN STREET OF

be the strength of the vortices, 2a the distance between the two rows, 2b the distance
between consecutive vortices, then

I. In the unsymmetrical double row we get :
(x) The » function used by von KARMAN is equivalent to

A A

OF

A

SOCIETY

OF

ik og ST (2 — ia) /2D
2r ©cos = (z + 1a)/2b
- (B) The system is stable when and only when % ~1 cosh™ 4/2 = 0-281,
K

(v) All the vortices move forward with a velocity 4—Kb tarh © %'.

(3) The stream lines relative to the moving vortices are such, that each vortex
is completely surrounded by some stream lines, so that the liquid within these
stream lines accompanies the vortex in its career, and the remaining stream
lines form a sinuous channel between these portions of the fluid (as in fig. 4 (¢),
if the barriers are imagined to be at infinity).

II. In the symmetrical double row we get :

(x) All the vortices move forward with a velocity 4—% coth n%.

(B) The system is unstable.

1.3. The original voN KARMAN investigations deal with vortices in an infinite sea of
liquid, and this is equivalent to neglecting the effect of the barriers which, in practice,
must always be present. The object of this paper is to investigate the stream lines and
stability of the above systems of vortices when they are placed between two plane
barriers, which, of course, are parallel to the rows. This type of motion is of importance
as it suggests the two-dimensional turbulent flow between parallel plane barriers.

1.4. There are two distinct problems to be considered :

I. The bounded unsymmetrical double row, as in fig. 1 (a).

II. The bounded symmetrical double row, as in fig. 1 (B).

«—2b—>
A7 3 L) 5
A 2c 2a
) + 2 2 2
——pb—>
NE 5 5 5
(B) 2¢ 2a ) A ‘ ) _ ,
\ 2 (R 2
Fia. L.
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VORTICES IN A CHANNEL OF FINITE BREADTH. 2717

We define 2¢ to be the distance between the barriers, and «, @ and b, as in paragraph 1.2.
In the ensuing work it will be necessary to introduce certain & functions and we here
define our notation. The 9 function notation of TANNERY and Mownk, ¢ Fonctions
Elliptiques’ will be adhered to throughout. For problem I, the periods of these
functions, 2w, and 2ew,, will be found to be 2b and i4¢ respectively, so that

T = 20,20, = 12¢/b = 1,
where we introduce the definition ¢ = 2¢ /b, and where

: | q = exp (int) = exp (—=t), ¢ = exp (— in/t) = exp (— = /t).
- For problem 11, 20, and 2w, will be seen to be 2b and i2¢ réspectively, thus giving
- = 20,20, = ic/b = it,
q=-exp(—m=t), ¢ = exp(—nft),
where ¢ = ¢/b. Let us also introduce the definitions
| d=aj2b, u=nb2, v=nma2,
2 =X +1Y = (z + ty)/2b = 2/2b.
1.5. Main Results of the Present Investigations.

Problem 1. | \ .
ik 1 9y (4—id) 9 (Z—1id) _, _ .2
e v/ /) L

ke [3'2 (2id) | 9, (215d)]
anb| %, (2d) 9, (Zid) |

(«) The » function is — — log

(B) All the vortices move forward with a velocity

(v) If we take two barriers at a fixed distance apart, i.e., if ¢ is constant, then when
b is vanishingly small the system is stable when and only when a = 0-2815.
This corresponds with the voN KARMAN result. As b increases, the stable
cases are obtained by increasing @ almost proportionately. This continues till
we get to the case b = 0-815¢, @ = 0-256b = 0-208c. The curve showing the
relationship between u (= =nb/2¢) and v (= ma/2c) for these cases is called the
*“ Stability Curve.” For every value of b greater than 0-815¢, we get a range
of values of ¢ in which the system is stable. Ultimately, when b = 1-419¢
(v.e., t = 1-409) the system is stable for all values of a. The total domain
of stability is referred to as the “ Stability Area.”

(3) When c is infinite, while ¢ and b remain finite, the relative stream lines are
similar to those of fig. 4 (9). When 0 < b/c < 1-155, the change in the form
of the stream lines as ¢ increases from 0 to ¢, is given by the sequence of
diagrams in fig. 4. When 1-155 = bjc, 1155 < bfc < 1:419, 1-419 =< b/c,
the corresponding changes are given by figs. 5, 6, 7, respectively. As for the

2r2
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278 L ROSENHEAD ON THE KARMAN STREET OF

form of the relative stream lines in the stable cases, we get that when the
barriers are at an infinite distance apart, the stream lines are similar to those
of fig. 4 (g)—thus agreeing with voN KARMAN’S result (loc. cit., p. 53). When
bjec < 1-419 there appears to be no well defined connection between stability
and the form of the stream lines. The type of stream line changes in a con-
tinuous but rather complicated manner (see fig. 9). When b/c = 1-419, the
stream lines are always of the form given in fig. 7 and, as stated above, the
system is always stable.

Problem II.
ik 9y (Z— id) ¢
(x) The o function is o log 5, (Z T id) where v =1 5
. . L 8 (20d)
(B) All the vortices move forward with a velocity & 5, (%)
(Y) The system is always unstable.
(3) The change in the form of the stream lines as @ changes from 0 to ¢ is always

given by the sequence of diagrams in fig. 11.

ProBrLEM 1.

2. Problem Defined.

2.1. The system of vortices is that of a “ KARMAN street ”’ between two plane barriers.
There are positive vortices at the points (2nb, ) and negative vortices at the points
((2n — 1) b, — @) where n assumes all integral values from — to 4 ®. To obtain
a system in which the barriers, y = + ¢, are stream lines, it is necessary to introduce
an infinite series of image vortices for each vortex of the “ street.” The velocity of
a vortex due to its rotations round two vortices which are equidistant from it, and which

I
i
3 5 ! 5 y
1
2 » )
%
6—“-26-————) 1
n 5 5 3
2C2q--=~-mm= s Frommmmm e r
oo 2 b2 2
3 5 E 3 y
i
2 ‘%? D]
{
Fic. 2.
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VORTICES IN A CHANNEL OF FINITE BREADTH. 279

lie on a line parallel to the » axis, is a velocity parallel to the # axis. Hence the system

_of vortices will move with a uniform velocity parallel to the # axis, for the velocity of
any vortex of the “ street ” is the resultant of a doubly infinite series of such com-
ponents, plus the velocity due to its own line of image vortices, which is also parallel
to the x axis.

2.2. Determanation of the o Function.

2.21. The following notation will be adopted
o = ¢ 4 1.

The components of velocity at the point (z, y) are defined to be u (=, y) and v (, y) where
0
u(w, y) = )

When ¢ is considered as a function Qf position it will be referred to as ¢ (X, Y).

2.22. The  function for a positive vortex of strength « at the point « is
— ;—:—c log(z—a). The w function for the system under consideration will have to be

such that it is of the form

— g—:; log (z — «) -+ regular function of z
in the neighbourhood of a positive vortex, and of the form

+ g—; log (# — «) - regular function of z

in the neighbourhood of a negative vortex. The « function will therefore have to be
— ?2%- log f (2) where f (z) has simple zeros at the positive vortices and simple poles at
the negative vortices. The “ zeros ” can be divided into two groups

Z = 2[2b = ia[2b + n + m 14c/2b = id -+ n + mx,

Z =22b =1ia[2b + (n + %) + (m + ) 14c/2b = id + n + mr + § + %7,

where m and n assume all integral values from — o to -+ . Similarly the “ poles ”
can be divided into two groups '

' Z=z/2b=,~1}a/2b+(n+%—)—}—mv}4c/2b=——id-l—n—{—m'c—]—%,
Z=z/2b = — 1a/2b + n - (m + }) i4¢/2b = — id. 4+ n + mr + L7

This symmetrical disposition of the  zeros >’ and “ poles *” suggests the introduction of
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280 L. ROSENHEAD ON THE KARMAN STREET OF

9 functions for it is well known that 9, (v), &, (v), 95 ( v), &, (v) have simple zeros at the
points (n 4 m=), (0 4 mr + 1), (n + mv -+ 3 + ), (n 4 mz 4 i) respectively. We
see immediately that the f (Z) for our problem is

& (Z — id) 95 (Z — d)
S (Z+1d) 94 (Z + 1d)’

2.23. This expression could have been obtained from other considerations as follows :
Neglecting additive constants, the « function for a positive vortex at the point (2rb, «)
between the barriers y = 4+ ¢ is

n=ﬁLw (z— 2rb — v (4nc +a))
- 2—' IOg mn—-—w
r h (z — 2rb— i (4m —2¢ — a))

T [(z — 2rb — ©a)? 4 16n2c?]
= —— log (2 — 2rb — 1a) —2=*
o ({2 — 2rb i) + 4 (2m — 1 ¢
)

_ o sinh [(z — 2rb — da) = [4c]
2r ° cosh [(z — 2rb + 1a) = [4c]

u;-':lg

Therefore the o function for the bounded “ KARMAN street ” system is

i 1" sinh [(z — 2rb — 1a) = [4c] i cosh [(z — (25 — 1) b — ia) = [4c]
— 5= log < =54 =T
2 1 cosh [(z — 2rb + 1a) = [4c] If sinh [(z — (25 — 1) b + 1a) = /4c]

8

sinh [(z — 1a) = /4c] II (cosh Qrbn /2¢ — cosh (z — ta) = [2¢) IT (cosh 25 — 1 bx [2¢ - cbsh(z — ta) ™ [2¢)

T — e 10g a]r.:u I
2r cosh [(z +1a) = [4c] it (cosh 2rbm [2¢ +- cosh (2 -+ 1) = /2¢) I1 (cosh 2s — 1 br [2¢ — cosh (z +- ta) = [2¢)
1 ‘ 1

In this expréssion put ¢, = exp (—=b/2c), z2[2b = Z, a/2b =d ; we get

sin [n (Z — 'id)/'r]i:i (1 — 2¢,* cos 2 (Z — id) [~ + ¢:*) il (1 +2¢,* " cos 2r (Z — id) /v + ¢,*72)

_...K_l()g

o cos [n (Z + id)/~] 1:[0 (1 + 2¢:* cos 2 (Z + id) /v + ¢.%) l:'oI (1 —2¢,* " cos 2n (Z + id) /v + ¢,
i 1oy B L — id)[z | = 1[x] 95 [(Z — id)]= |~ 1]<]
or 089, [(Z Fid)[~ |—1/z] 84 [(Z T id) [z |—1/]

1K < <8ndz>«‘}1[z——-’id |7] 95 [Z — @d | 7]
32[Z+?,d |71 94[Z 4 id | 7]
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VORTICES IN A CHANNEL OF FINITE BREADTH. 281

2.24. The term — 50@ z means that a velocity — % has been impressed on the whole

system. This does not alter the shape of the relative stream lines, and so we may use
f (Z) for this problem.

3. Uniqueness of f (Z).

3.1. We have '
o =¢+iy=—Zlogf(Z),
therefore '
f(8) = exp (¥4 228,
that is

@) = exp (—22).

The stream lines of the system are therefore given by

94 (Z — id) &, (Z — id)
%9 (Z + od) 94 (Z +-1d)

’ = constant.

Let us denote this constant by [C (X, Y)]! since it is a function of position. One of the
conditions of this problem is that the barriers are stream lines of the system and there-
fore| f(Z)| must be constant along each of the lines y = & ¢. It is easy to verify that
in the case of the single vortex between the barriers, |f (Z-)| =1 on both barriers and in
the case of the bounded “ KARMAN street.”

C(X, ) =exp(—4nd) and C(X, — ) = exp (4nd).

The fact that C, and therefore ¢, has different values on the two barriers indicates that
across any line drawn perpendicular to the barriers and terminated by them, there is a
mean flow of ¢ (X, }t) — ¢ (X, —}¢). If, however, we use the function F (Z) where
F(Z) = exp <81r_£@> J(Z), it is easy to see that |F (X + }1)| = |[F (X —}7)| = 1.

3.2. In spite of the fact that f(Z) has been obtained rather arbitrarily, it can be shown
that it is the unique function for the problem under consideration—or rather, any other
function that satisfies the conditions of the problem is of the form exp (IZ + m) f (Z)
where [ and m are constants. As explained previously, the introduction of the
exponential does not alter the shape of the relative stream lines.

3.21. The conditions that f(Z) must satisfy, when expressed mathematically,

become :—

(1) f(Z) is regular in the strip — ¢ = y =< ¢ and has simple poles and zeros at the
negative and positive vortices respectively.

(2) | f(Z) | is constant over each barrier.
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(3) The shape of a stream line is a continuous repetition of that portion of the stream

line between the lines # = 0 and z = 2b.
This third condition really means

u (x4 2b, y) = u(z, y) and v(z- 20, y) = v(z, y)
that is
b(X+1,Y) = ¢ (X, Y) + constant.

However, since there can be no mean flow across the straight line joining (z - 2b)
and z, we must have ¢ (X +1, Y) = ¢ (X, Y) so that the above constant is zero. Also,
since exp ( — 2r{ /x) = | f(Z) |, it appears that condition (3) above means that | f(Z) |
has the period 1. It is now necessary to show the sufficiency of this criterion—that is,
if | f(Z) | has the period 1 then u (x +- 2b, y) = u (x, y), etc. We have

= oxp [~y (X1, V) — 4 (X, V1),

that is ’

The rest follows immediately.

3.22. Let g (Z) be some function other than f(Z) which satisfies the conditions of the
problem. Further let | g (X + 7)) | = C, and | g (X — %r) | = C;. Let us introduce the
functions F (Z) and G (Z) where

F(Z) = exp <8ﬁdz>f(Z and G (Z) = exp <‘?‘—Z log <gl> 1+ log 0102>g(Z).

It can easily be verified that | F(Z) | and | G (Z) | are unity on each of the barriers and also
have the period 1. Now let ® (Z) = G (Z)/F (Z). ® (Z)isregularin —¢ < y =< c and
has no zeros in this strip. | ® (Z)| is 1 on both barriers and has the period 1. It is neces-
sary to prove that @ (Z)is a constant. We have, ® (Z) regular, and therefore bounded,
in the domain —b <=z < b, —¢ =y < c¢. By periodicity it is bounded in the whole
strip —c¢ =y < c¢. Since [(I) (Z)| is 1 on the boundaries, we get by a PHRAGMEN-

LiNDELOF* theorem that | @ (Z) | = 1 inside this strlp But [1/® (Z)] also has the same

properties so that | 1/® (Z) [ = linside. Thus | ® (Z)| =1 throughout the strip and

log @ (Z) is therefore regular. If log @ (Z) = r z's then its real part r is zero and
or  or os  0s

therefore = = 0. Hence 5% = 39 =0 by the CaucHY-RIEMANN Differential

* ¢ Acta Mathematica,” vol. 31, pp. 381-406 (1908).
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Equations. Therefore s is a constant, giving log @ (Z) and therefore @ (Z) as constants,
1.e., ‘ '

G (Z)/F (Z) = constant,
1.6.,

9(Z) = exp (IZ +m) f(Z),

where [ and m are some constants. .

4. Explicit Equation for the Stream Lines.

4.1. In our present problem, where © is purely imaginary, we have

|92 (@ +y) | = | 9. (x+oy) o (z —ay)|, «=1,2,38,4

Inserting in the formule given in ‘ Tannery and Molk,” vol. 2, p. 159, we get :

952(0) | 942 (¢ +0y) | = 932 (ig) 942 (%) — 942 (1) ¥4* (),
%52 (0) | %% (z + 1y) | = — &% (1) 9.2 () + 2% (o) 95* (@),
9452 (0) | $3? (% +1y) l = 9.2 (1) 942 () + 842 (1) 95 (),
952 (0) | 942 (z +1y) | = 942 (39) 94 (%) + 842 () 5% ().
Therefore
exp < — é;—ti>
= o(x ) =hk

_ [95 (6Y—d) 92 (X) —8;2 (1Y —d) 9 (X)] [9,2 0 Y —d) 9.2 (X) +85* (1Y —d) 9* (X)]
T [—92(Y+d) 92(X) +82 (1Y Fd) 82 (X)][92 (0 Y Fd) 8.2 (X) +92 (Y Fd) 9:2(X)]

The terms involving X and Y can be separated, giving :

92(X)  84(X) _ [%:4(Y —d) — 9,5GY — )]+ C(X, Y) [9§4(73Y +d)— 84GY +d)]

$2(X)  82(X) [92(0Y —d) 920Y — )] + C(X, Y)[8:2 (Y + d) 82(Y + d)]

4.2. If now we impress a velocity —U on the whole system, we must put
o= —TUs— "% log f(Z) = — ?.f—log {exp <— zQ—ﬂ-I—Jz> f(Z)} .
2 2 K
The equations of the stream lines are

exp <—~ ‘E;.:k) = constant = S (X, Y) = exp <§—T°—?CU—Z>%%

VOL. COXXVIII—A, 2 Q
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284 L. ROSENHEAD ON THE KARMAN STREET OF

This equation becomes
92(X)  92(X)
92(X)  92(X) (
(94T 0) 95 (T 0)]+8(X, Y) exp( =20 |9, (V) 0,4 (T )]

N [312‘(7;?—:3) 92 (1Y—d)]+S(X,Y) exp < B STCZiUY

. (1)

V02 (T T0) 92 (T T D)

In order to obtain the relative stream lines we put U equal to the velocity of the vortices.

This 18

d| _zx K o ok [ 97, (2ed) | 9, (2id)
72| " aml0e () + 5 log (Z ”d)]} - 4nb[32 @d) s, (2o;d)]' - (@)

Lt

z—>1a

5. Discussion of U, (Velocity of Vortices).
Let U, represent the expression (2) and let us consider it more fully. We see that*

_ K 7==00 4 .
U, 4b[tanh 2nd — 1————51———1__(__ )smh 4md] Cee e (3)

When ¢ >, that is ¢ - 0, we get

U, ngtanh 2rd =ﬁtanh n%,

a result given by Lams and vox KArMAN (loc. cit.). This corresponds to the unbounded
“ KARMAN street.”” We have in addition

92_ __ 2m? . 8r2g" . ']
Y7 U, = A {sech 2nd tanh 2rd -+ 75_.31 1_____2____ — sinh 4¢nd_ .

Since ¢ < 1, this is always negative, except at d = 0, where it is zero. Hence the curve
U, has a point of inflexion at ¢ =0 and has its convexity upwards. But U,=0
and Uy, = —ow. Hence U, always has a zero at d = 0, and it has an additional one

if and only if [adU:' > 0. Now

9 k< [37:(0) | 87 (0)}
[ad Udl,:o 5b [ 5,(0) | 5,00 ]
The terms involved in this expression have been tabulated by Nacaoka and SAKURALT

They have been tabulated against £2(= 9,* (0)/94(0)) in the range 0 = #* =< §. The
following formulz enable determinations to be made in the whole range 0 = 4* =< 1.

* TANNERY and Moix, vol. 4, p. 100.
T ¢ Inst. Phys. Chem. Res. Tokyo,” vol. 2, p. 1 (1922).
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Putting «, = — 1/, log, ¢ ==, log, ¢; = inv,, we get from the transformation
formulse
ST I TR A CIEN RS R
7{32(()‘1) + 94(0]7) m &2.(0[11) + 34(0|’F1) R (4)
87, (0]%) | 87,(0 IT)}I {3”2 (O]7) | 974(0 ]"1)}1 — 4r2 '
50T S0 ot 4 STy oy ) ot =

We find that [a% UdL:oE 0 according as k2= 0-826, i.e., { = 0-7096. Hence U, has

a zero, other than the one at d = 0, 1f ¢ > 0:7096 ; and only has the zero at d = 0 if
t = 0-7096.

6. Returning to the stream lines we see that although the shape of the stream lines is
a continuous repetition of the configuration in the area —b =0 =<0, —c=y=c, it
is not necessary to discuss the value of S (X, Y) over the whole of this area. It is
sufficient to know the value of S (X, Y) in the region 0 =2 = 5,0 = y < ¢ for the
following reasons :—

(1) S(X, Y) is symmetrical with respect to the Y axis.

(2) S(X,Y) xS (; —X, —Y)=1. This means that if 8 (X, Y) is a stream line,
then 8 (3 — X, — Y) is also a stream line.

A particular case of the second consideration is seen in

S (X, 1t)‘=exp‘-1%(.j< d-f@‘l); S(X,——kt)=exp—~é—f-:£< Kd>.

Also if we put X = ; and Y = 0, we get S (4, 0) = 1.

7. Points of Zero Velocity.
7.1. Reverting to equation (1) and putting 9,2 (X)/9,2 (X) = [, we get
| — 1/l = (function of y and S (X, Y)).
Along a line parallel to the axis of ¢ we would have

‘ | — 1/l = (function of S (X, Y) only) = % (séy),
that is '
' l2 - lk — 1= O,

and & is a one valued function of § (X, Y).

If I, and I, are the roots of this equation then [/, = — 1. But of necessity both ; -
and [, must be positive. Hence only one root of this quadratic can be used. We know
also that a one to one correspondence exists between X and ! if 0 = X =< }, and this
means that on a line parallel to the axis of x there cannot be two points giving the

2q2
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same S (X, Y); that is, the stream line S (X, Y) = constant, cannot cut the line
= constant, in more than one point.

7.2. An immediate corollary of this is that there can be no jpoint of zero velocity in
the area bounded by the barriers and the lines X = 4, X = 0. The reason for this is
that there can be no point of zero velocity in the system except at those points where
a stream line has a node—and the line parallel to the  axis through this node would
cut the stream line in two points. Points of zero velocity may occur on the boundaries
oron X =4 and X = 0.

7.21. This and other results can be deduced from more general considerations as
follows :

We have
U
= — Uz o log f(Z)
that is
dol| _|_p_ e f(Z)] _ .
Z | U T FZ)| velocity.

But f(Z +1) = f(Z) and f(Z + <) = exp (— 8=d) f(Z), so that

[+ _ fE+y _ [
FZi= Tzt -

do [dz is doubly periodic and is therefore an elliptic function. Its periods are 1 and r.
f(Z) has two simple poles and two simple zeros in a period parallelogram so that
' (Z)] f(Z), and therefore d w /dz, has four simple poles in a period parallelogram. Since
do [dz is an elliptic function it must also have four zeros in this domain.

7.22. If a zero were to occur at the point (z, y) then by symmetry there would have
to be zeros at the points (z, ¥), (%, 2¢ — y), (2b — @, ¥), (2b — », 2c — y), (b £ =, — ¥),
(b + =, 2¢ -+ y), that is, there would have to be eight zeros within a period parallelogram
—which is impossible. The statement about the symmetrical disposition of the points
of zero velocity is obvious from the point of view of hydrodynamics and it can be seen

[ _fG—1)
Vi fon
secondly, from the fact that since dw/dz is real on lines such as X = 0, then by
“ Scuwarz's Reflection Principle ”” it takes conjugate values at points which are image
points with respect to this line.

7.23. There can be four zeros in one of the following ways :—

(1) # = 0, in which case the zeros are at (0, ), (0, 2¢c — ¥), (b, — y), (b, 2¢ +-¥).
(2) y = — ¢, in which case the zeros are at (z, — ¢), (b &+ @, ¢), (20 — 2, — ¢).
(8) @ = 4b, y = 0, in which case the zeros are at (3b, 0), (3b, 2¢), (3, 0), (3, 2¢).

from the point of view of analysis, firstly, from the fact tha
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This third case is impossible for the following reasons :—

We have .
fAfGE—17)=1,
so that 2 fa—17)
_J =4 __ o D) (h—Z) =0,
@ fa—z " b hBO-LG-D=0
and

S D)+ 1 (%— —Z7Z)=0, where f/(Z) = K (__)

Putting Z = 1 we see

Fw=o e [HED] o

3-SR

But

This means that if dw /dz is zero at Z = 1, then this zero is of the second order, thus
making eight zeros within a period parallelogram—which is impossible. Cases (1) and
(2) may be combined in the statement that in any configuration of vortices there is
one and only one zero in the domain —c¢ =y <¢, 0 =<z < b, and this zero must
occur on one of the lines £ = 0 or y = — ¢. It is shown in paragraph 8.4 that u (0, y)
is always negative when Y > d, and always positive when d > Y = 0; so we have that
in any system of vortices there must be one and only one point of zero velocity within
the domain — ¢ =y < ¢; 0 = 2 < b, and that this point must be on one of the lines
w=0,0>y_>_%c,andy=——c. '

8. The Stream Lines Relative to the Vortices.

8.1. Several interesting results can be foreseen by considering the functional form of
S(X, Y). Forinstance, when d = 0 it can easily be verified that the line X = }isa
stream line for all values of ¢. This means that when d = 0 the stream lines are always
of the form indicated in fig. 4 (a). . v

8.2. When a is very nearly equal to ¢, the stream lines in the neighbourhood of the
vortex at (0, a) should be similar to those in the vicinity of a ““ vortex pair,”* since here
the effect of the other vortices may be neglected in comparison with the effect of the
vortex at (0, ) and its image vortex at (0, 2c — a). Hence when « is very nearly equal
to ¢ the stream lines must always be similar to those of fig. 4 (h). :

8.3. When a = ¢, we have C (X, Y) = exp (— 4nY) so that the general stream lines
are the straight lines y = constant. The relative stream lines are given by

8ntbUY

K

S(X,Y) = eXp< —4nY>,

* Lawms, ‘ Hydrodynamics,” p. 204.
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which is indeterminate since U = — ». For every value of ¢ therefore, the form of
the stream lines must change in some continuous manner from that of fig. 4 (@) to that
of fig. 4 (h), and finally to that in which there is no motion at all.

8.4. Discussion of u (0, y) in the range ¢ = y = 0.

We have - |
S(X,Y) ~eXp( 4’;“’)
Hence ,
K 1 1
u(w,?/)’—:“-s-@mﬁS(X Y) and v (2,9) = SbS(X Y)E)XS(X Y).

We have immediately v (0, ) = 0, and also

¥y (2id) | ¥y LY —d) +&' (Y —d)
(2ud) * 9, (2d) " 9, (Y —d)  9,(Y —d)

EACEY IEA (im)]
9. 0Y +d)  9,0Y +d)

[tanh ond —'% — 3 inh dprd

© (0, y) = ‘_4—;5[32 (de)%‘

!1

4b p-—l 1 - (—— Q)p
+ cosh = (Y —d) — pZ‘.O: Iil:_(_z-ﬂ_); sinh 2pr (Y —d)

_ 4
tanh = (Y + d) +p§1—-—i--—l =

K [2 -+ sinh 2rd (sinh 27Y 4 sinh 2=d)
" 4b| cosh 2nd (sinh 2rY — sinh 2rd)

sinh 2p7 (Y -+ d)]

8¢ cosh 2rrd

>
+ T+¢

(sinh 2rn’Y — sinh 2rrd)

+ X —Q—is-lﬂ_h-fsi (cosh 2sntY — cosh and):l

where r assumes the values of all the odd integers, and s the even integers, from 1 to .
If Y > d, u (0, y) is negative and the streaming above Y = d is always to the left. If
d>Y=0,u(0,y)is pOS1t1ve so that the streaming in the range d > Y = 0is always
to the right.

8.5. Discussion of u (0, — c).
We have

L ki [95(20d) | 8 (20d) | 28 (Gr—1d) | 28, (kr—d) | o
w0, —9 =~ 5 [5G T TS T +2ix],
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that is

u(0, —c) = — ¢(d) — 24 (§ — %
$(d) = Us— dje.

where

Since U, is a function that is convex upwards, we see that u (0, — ¢) is concave upwards
and has therefore no zeros or two zeros. The critical case occurs when u (0, — ¢) has
two coincident zeros. In this case

S +26H—2d) =0, . .. ... (5
$@d)—¢ Gt—3d) =0 ... .. .... L.(8)

and
Since ¢ (d) is always convex upwards, ¢’(d) is a one valued function of d, so that if
equation (6) is to be satisfied then
d=1%—13d, e, d= "t
Substituting in (5) we get ¢ (,t) = 0, so that the limiting case is given by the solution

of
e [ (g7) | S (GT)] <t
4rh [:1‘}2 (%) & 9y (%7)] 12¢

A rough test shows that the solution is approximately ¢ = 1-7. On account of this,
the following formula is accurate to three places of decimals with a maximum possible
error of 0-0002.

Vs _g— %{[‘oanh It — 2 sinh gnt ] — %} = 0.

K cosh =t — cosh it

Put @ = exp (3nt) ; this equation becomes

2t —62° — 6x + 5 = 0.
The solution of this is & = 6-1376, giving ¢ = 1-732 and d = 0-144. This suggests

that the exact solution is ¢ = 1/3, and, in fact, if we put¢ = +/3 andd = \—1/53 , & simple

consideration shows us that « (0, —c¢) is zero. If a diagram is drawn for the case

t =4/3,d = ‘1/2 , that is @ = /8 o, b = 6p, ¢ = 3\/3 p, where p is some constant,

we see that the conﬁgur_atlon is such that any two consecutive vortices on one row
subtend an angle of 120° at that vortex, on the other row, which is opposite the
centre of the interval between these vortices. Also, relative to the point (0, — ¢)
the vortices seem to be situated at the vortices of an infinite system of adjacent regular
hexagons which fill the whole of the plane, the point (0, — ¢) being at the centre of one
of these hexagons.
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If we take the point (0, — ¢) as centre and draw concentric circles of radii 44/3 ¢,
44/12 p, 44/21 p, 44/39 p, etc., we find that this system of circles passes through all the

Fia. 3.

vortices in the plane. The circles pass through 6, 6,12, 12,18, etc., vortices respectively,
the vortices being so arranged that vortices of opposite sign lie at the ends of the same
diameter. The vortices are placed symmetrically and so the effect of the vortices on
each of the circles is to produce zero velocity separately at (0, — ¢). Thus the effect
of the 6 vortices on the first circle is to produce zero velocity at (0, —¢). Similarly for
the other circles—and so the total velocity at (0, — ¢) is zero.
8.6. The above result can be shown analytically as follows : We have
o = —Uz—éﬁ o ¥ (Z — ﬁv)&s(z—l‘—'ﬁ’r)
1

2r %2(Z+127)84(Z—-I— 1—151)’

e [¥a0) L ¥a)
U 47:1)[«‘}2 G0 34(%1)]'

where

Let us change the origin to the point (0, — ¢). Neglecting additive constants, the «
function becomes

ik 1, 9 (Z—}7) 95 (Z — }r)
2 08 9, (Z — 17) 9, (Z — 1)

K 21 [k VN (Z—37) 85 (Z—37)]
= X tog [exp [ (£ ) | B e L s 21)} i Jog J(2) (say).

— Uz —
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This new  function demonstrates incidentally a fact that is known already, namely,
the fact that the barrier is a stream line, for if we put Z = & where £ is real, we have that

9 (E—37)95(E —37)
$1(E T 47) 95 (& F 40)

=1,

since the numerator and denominator are conjugate functions, and also
2r .
Iexp[ <%— > ]I:l sothat |J(Z)| =

8.61. The function 9, (Z — 4+) 9, (Z — 4+) or rather 9, <.2__ —1 )33 (= %¢>
- Wy (O3 1
has simple zeros at the positive vortices of the system. Originally the vortices were
divided into groups whose periods are 2w, and 2w, where w,/w; = 14/8. Let us now
divide them into groups whose periods are 2Q, and 2Q, where

2Q; = oy + o, and 2Q, = — 3w, + o,
that is
,_2Q, —3o;+ e, —38414/3 .
= P == = T = 3=nr.
K o, + o, 1-4+1v4/3 % K

[\

This is equivalent to rotating the axes of reference through an angle of 60°. It is easy
to see that the functions

L 21\ (2 _
81<291 >33<291 3T> and 31<2w1 3T>33<2m1 %1‘)

have all their zeros in common. Hence

Ql’ Qa

W[ 2 2
o (5t~ b) (55— )
2
9 (- — 31 1
1<20)1 >’33<2 Wy 3T>

has no zeros or poles in the whole of the z plane. This is also true of the function

<2QI+ > <é'gz"1+%¢>
i g 4 s (g 4)

VOL. CCXXVIII—A. 2 R

Wy, Wy

Qy, Qq

Wy, W3
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Now let _
H(z)—_-&l {%:-%1)33 <§~£221 1'> Q,, Q —:—31 (ﬁ-—%‘r)&s /ﬁ:—%‘r)jwl, o
0 (g 30 (o 8e) 0 9 8 (GE 4 ds) 0 (G e on o
e e e e e e e (7

From the preceding considerations we see immediately that H (z) has neither zeros nor
poles in the whole of the z plane. Also .

H(2+20,) = exp (— $int) H(2),

and C v
H(z+2Q,) = exp ($in) H (2).
Therefore if we put ‘

Hjy (2) = exp (x2) H® ()

we geb
Hl (Z + 291) = eXP (20191 — 4:7;751') H1 (Z),

and :
H, (24 29Q,;) = exp (2¢Q, -+ 4int) H; (2).

Hence if « = 2in (1 + ¢ 4/3)/ 0, We have
. H1 (Z) = H]_ (Z + 2@1) = H1 (z + 2Q3).
That is H, (2) is a doubly periodic function and since we know that it has neither zeros

nor poles, it must be a constant. - Putting z = 0 we see that H, (0) =1 so that H; (z) = L.
Differentiating this logarithmically and putting z = 0, we get

™ 1 9 (G7) %)\
%-_1 1+ \/3 <‘~°1 Q1><311(:T) +33(£T)>m0’

that is &) ) _
0 (k) 4 3G | i
G % ()
Put 1+ = 1t — %v in this expression and we get
% (§7) + 4 (§7) +
: 32 (%) '94 (%7)
that is

cUdjk —d =0 when = =14/3,

that is, the velocity at (0, — c¢) is zero.
8.7. It is obvious from fig. 3 that the line z = 7 exp (lm) where 7 is a real constant,
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is a stream line, for every vortex possesses an image vortex with respect to this line—
and this can be shown analytically as follows. We have

: | L1 (2 1.
. 'ikl J' [-27':(1( > ]%1 <2(01 3T> 33\2(01 3T,>
w=——log < exp|i— U)z
2r K 9 <__'.z_+_l1>3 <i 1)
1 2w, | 3 3\g 3)

But since U = «/6D, this is

K .2k o
~ o log 4 exp [— '3 (1 —14/3) z}
—
= =5 log K (2) (say).

If 2 = v exp (i /3) then

z _ mexp(m/3) _ g
20, o (1 -+ 14/3) T 20

= purely real quantity.
1
Then

s
Fo
[\)
oE
-
+
col
<
S~ ]
<P
@
/i\
+
o=
<
S~— |

since numerator and denominator are conjugate functions. Also

ex [——@4—K ]l—l
P 367) ]

thus giving |K (2)| = 1. This we know is the condition that the line under con-
sideration is a stream line. Hence z =1 exp (¢x/3) is a stream line of the
system.

exp [— P20~ iy/3) exp (fén:/3):| | _

.2R2
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9. Different Types of Relative Stream Lines.
9.1. Let us consider the variation of S (X, Y) along the line X = 0.

8(0,Y) = — exp <8anUY> 92 Y —d) 82 (Y — d)

92 (Y +d) 92 (Y + d)

We note that if there is a point of zero velocity on the line X = 0 then oS (0, Y)/dy =0
here, that is S (0, Y) has a maximum at this point if it is plotted as a function of Y for this
particular value of d. There cannot be a minimum at this point because the occurrence
of a minimum would necessitate the occurrence of a maximum at some other point on
this line, since S (0, Y) is always positive and S (0, d) always zero. This is impossible
since it would mean that there would be two points of zero velocity on a line on which,
we know, there cannot be more than one. If there is no point of zero velocity on X = 0,
then S (0, Y) attains its upper bound in the range d < Y = }tat Y = }¢, and its upper
bound in the range —H =Y <dat Y = — }.

9.2. It is evident that when u (0, — ¢) is positive, there must be a point of zero velocity
on the line y = — ¢ for u (b, — ¢) is always negative, and « (z, — ¢) is a continuous func-
tion. Hence there is no point of zero velocity on the line X = 0 when u (0, — ¢) is
positive. - .

9.3. If the stream line S (X, Y) = 1 cuts the line X = 0 at a point above Y =d,
then S (X, ) > 1 on account of paragraphs 8.4 and 9.1. But '

[S (X, i.t)]d=0 =1 and [S (X, i—t)]d’:i‘ﬁ = 0.

Hence if the stream line S (X, Y) = 1 is to cut the line X = 0 at a point about Y = d,
then ’

o]

[ ]

> 0,
0
that is '

From equation (4), we see that this is only possible if £ > 1/0-7096, that is ¢ > 1-4093.

9.4. The diagrams 4 (a)—(h) are obtained from these considerations, and when the
shapes of the stream lines for the case ¢ = 2-060 are investigated, the conclusions arrived
at above and embodied in the diagrams are verified. This value of ¢ is chosen because
¢ = 2+060 corresponds to o = 9°, one of the values for which the & functions of the real
variable are tabulated in JauNkE and EMDE’s ‘ Functionentafeln.” The parameter
in these tablesis « = sin™' £k = sin™ (9,2 (0)/942(0)). U, is first plotted and from it is
obtained the graph of u (0, — ¢). A more accurate determination shows that the zeros
of w (0,—¢) occur at d =0-059and at d = 0-297. These values of d give rise to
diagrams 4 (c) and 4 (g) respectively. The limiting case 4 (¢) corresponds to the maximum
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of S (0, Y) occurring at the point where S (0, Y) = 1. This is obtained by determining
the maxima of S (0, Y) for various values of d, and then interpolating. Fig. 4 () corre-
sponds to this case — d = 0-185. The point of zero velocity occurs at Y = — 0-311
and, of course, S (0, —0-311) = 1. The other diagrams are obtained by giving suitable
values to d, and the calculations are made from equation (1). The appropriate values
of S (X,Y), Y and d are here inserted and the resulting equation treated as a quadratic
in 9.2 (X)/9g2(X), so that the value of X can be obtained by interpolation. The .
diagrams for the case ¢ = 2:060 are drawn to scale and are reproduced below. The
tables for this case, and, in addition, sequences of diagrams corresponding to other
values of ¢ are also given.

TaBLE I—a = 9°, <te., ¢=0-001548, d.e., © = 2:060s.

V. ¥ (v). 31 (v). ¥z (). Ny (v). 5 (v). N5 (v). e (0). ¥ ().

0-0000 1-2463 0-3967 |—0-0000 1-003 |—0-0000 0-9970 0-0000
0-0627 1-2309 0-3918 0-1970 1-003 0-0060 0-9970 0-0060
0-1226 1-1853 0-3773 0-3852 1-003 0-0114 0-9975 0-0114
0-1801 1-1106 0-3535 0-5658 1-002 0-0157 0-9982 0-0157
0-2382 1-0085 0-3210 0-7483 1-001 0-0185 0-9991 0-0185
0-2805 0-8812 0-2805 0-8812 1-000 0-0195 1-000 0-0195
0-3210 0-7483 0-2382 1-0085 0-9991 0-0185 1-001 0-0185
0-3536 | 0-5658 0-1801 1-1106 0-9982 0-0157 1-002 0-0157
0-3773 0-3852 0-1226 1-1853 0-9975 0-0114 1-003 0-0114
0-3918 0-1970 0-0627 1-2309 0-9970 0-0060 1-003 0-0060
0-3967 0-0000 0-0000 1-2463 0-9970 0-0000 1-003 0-0000

SIOTTO TNO OO

10-0627 1-2617 0-4016 | —¢0-1970 | 1-0033 | —i0-0062 | 0-9967 | ¢0-0062
0-1267 1-3082 0-4164 0-3980 | 1-0037 0-0130 | 0-9963 0-0130
0-1939 1-3870 0-4415 0:6092 | 1-0046 0-0212 | 0-9954 0-0212
0-2659 1-5001 0-4775 0-8353 | 1-0059 0-0314 | 0-9941 0-0314
0-3447 1-6509 0-52565 1-0829 | 10078 0-0448 | 0-9922 0-0448
0-4316 1-8413 0-5861 1-3569 | 1-0101 0-0625 | 0-9899 0-0625
0-5293 2-0718 0-6614 1-6628 | 1-0141 0-0865 | 0-9859 0-0865
0-6400 2-3663 0-7530 2-0109 | 1-0192 0-1191 | 0-9808 0-1191
0-7668 2-7112 0-8631 2-4093 | 1-0263 0-1636 | 0-9737 0-1636
0-9132 3-1265 0-9954 2-8695 | 1-0359 0-2246 | 0-9641 0-2246
1-0805 3-6141 1-1507 | * 3-3954 | 1-0491 0-3076 | 0-9509 0-3076
1-2753 4-1934 1-3363 4-0080 | 1-0672 0-4212 | 0-9328 0-4212
1-5013 4-8758 1-5529 4-7193 | 1-0920 0-5768 | 0-9080 0-5768
1.7647 5-6784 1-8089 5-5484 | 1-1259 0-7896 | 0-8741 0-7896
2-0739 6-6284 2-1121 6-5223 | 1-1725 1-0825 | 0-827H 1-0825
2-4315 71327 2-4650 7-6501 | 1-2361 1-4814 | 0-7639 1-4814
2-8496 9-0277 2-8793 8-9702 | 1-3232 2-0277 | 0-6768 2-0277
3-3380 | 10-5432 3-36562 10-5155 | 1-4424 2-7758 | 0-b5T6 2-7758
39079 | 12-3147 3-934b 12-3229 | 1-6056 3-7998 | 0-3944 3-7998
4-5771 | 14-3916 4-6045 14-4532 | 1-8300 5-2076 | 0-1700 5-2076

SNO VO O o

ééé&ééé&&m&pgggmwwwo mwgw&wwwwoo

HOOO000000O0000000RT | CO000000000
STSTSTOTMOADO T
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TasLe II.
d. 0-00 |0-05| 0-10 | 015 | 0-20 | 0-25 [0-30 [0-35 |0-40 | 0-45 | 0-50 |0-515
b
;Ud 0-0000/0-0750, 0-1367| 0-1791] 0-2029, 0-2109.0-20290-1722,0-0926|—0-1475|—2-4377| — o
b
E“(O’_’F)[O'O% 0-011 |[—0-049 |—0-073 |—0-071 |—0-043 0-009 [0-094 [0-237 | 0-544 | 7-414 | 4o

A

Ja \

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

fa \

/,
/

S

a

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

% (0, —42) is zero when d = 0-059 or 0-297.

TasLe IIl.—7 = 2:064.
d = 0-050.
U = 0-0750 «/b, 4r (Uc/x — d) = 0-343, ¢33 — 1.409, ¢34 — 0-710.

S(X,Y). Y. 0-000. 0-100. 0-200. 0-300. 0-400. 0-500.
1-409 X 0-278 0-320 0-333 0-370 0-410 0-424
1-000 0-250 0-263 0-272 0-257 0-163 —_
0-710 - 0-222 0-229 0-219 0-158 — —

d = 0-059.
U =0-0890 «/b, 4n (Ucjix —d) = 0-411, 411 — 1-507, €041l — (-664.

S(X,Y). Y. l 0-000. 0-100. 0-200. 0-300. 0-400. 0-500.
1-507 X 0-287 0-307 0-345 0-424 0-456 0-500
1-19 ) 0-268 0-282 0-302 0-327 0-268 ——
1-000 0-250 - 0-263 0-272 0-272 0-156 —
0-837 0-234 0-248 0-244 0-220 — —
0-664 0-214 0-221 0-208 0-160 — —

d = 0-100.

U=0-1367«/b, 4n(Uc/x —d) = 0-513, €958 = 1-670, ¢70518 = (-599.
In the curve S (X, Y) = 1-447, X = 0-500 when Y = 0-345.

S (X, Y). Y. 0-000. 0-100. 0-200. 0-300. 0-400. 0-500.
1-447 X 0-287 0-325 | 0-328 0-456 0-38b —
1-000 0-250 0-283 0-303 0-291 0-174 —
0-691 0-213 0-240 0-244 0-196 — —
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Table III-—'—_contmued.
= 0-185.
U =0-1980 K/b, 4~ (UG/K —d) = 0-239, %% = 1-270, ¢ = 0-788.

In the curve S (X, Y) = 1:000, X = 0-500 when Y = 0-311, and X = 0-000
when Y = 0-480.

N A

a
L
A B

THE ROYAL
SOCIETY

5(X,Y). Y. 0-000. 0-015. 0-115. 0-215. 0-315. 0-415.
1-000 X 0-250 0-261 l 0-340 0-424 0-486 0-373
d = 0-250.

U = 0-2109 /b, 4n (Ucjic —d) = 0-412, ¢~0412 = 0-662, ¢*12 = 1-510.
In the curve S (X, Y) = 0-593, X =0-500 when Y = 0-364.

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

S(X,Y). Y. 0-000. 0-100. ‘ 0-200. 0-300. 0-400. ‘ 0-500.
0-593 X 0-133 0-263 0-358 0-442 0-456 0-155
1-000 0-250 0-398 — — — —

. d = 0-297.
U = 0-2040 /b, 4 (Uc/x —d) = — 1-093, ¢1:08 = 0-335, ¢1'0% — 2.983,
8(X,Y). ‘ Y. 0-000. 0-100. 0-200. 0-300. l 0-400. 0-500.
0-33b X — 0-150 0-280 . 0-365 0-450 0-478
1:000 0-250 — — — —_ —
d = 0-400.
U= 00926 /b, 4n(Ucjk —d) = — 3-828, ¢-3-528 = 0-02176.
S (X, Y). Y. 0-000. 0-100. l 0-200. 0-300. 0-400. 0-500.
1:000 X 0-250 — — — —_ —
0-02176 — _ — 0-094 0-165 0-194
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TasLE IV.—To determine d corresponding to fig. 4 (e).

d .. 0-10 0-15 0-20 0-25
Maximum 8 (0, Y) 0-691 ‘ 0-833 - 1-132 1-687
Y .. —0-345 —0-310 —0-317 —0-364

S(0, Y) has a maximum value of 1 when d = 0-185, the maximum occurring at
= — 0-311.

(@) d--000 i ‘ ©) d=-85

(BN /&N

@) d--100 (h) d =400
Frc. 4. ¢=2-060. a

9.5. The previous sequence of diagrams is only possible when ¢ > 1-732. When
¢ = 1-732, that is bjc = 1155, the sequence of diagrams is as in fig. 5 (see paragraphs

8.5-8.7). - |
9.6. When 1:732 > ¢ > 1-409, that is 1:155 < bjc < 1-419, the diagrams are as

in fig. 6.
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&

>
> -

I(a) d=- oE:o

)

\

A
A \

A

RS,
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SOCIETY

OF
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PHILOSOPHICAL
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(c) d=7%Va ’ €] s(x,%t)=1.

J I ) o)
BTaT T e

)

A A

y i
Y 4

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

(@) o (d).
F16. 5. t=4/3. Fia. 6.
9.7. When { = 1-409, that is 1-419 < b/c the d1agrams are as follows :—

(O " (O

®)

Fia. 7.
VOL. CCXXVIII.—A. 28
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It is shown later that this final system is the only one that is stable for all values of
d, for the range ¢ = 1-409 is identical with the range u (= = /t) = 2-229.

10. Stability.

10.1. Let the vortices initially on the line y = a be subject to a slight displacement
so that the co-ordinates of the p’th vortex are (2pb + ®,, @ + y,) Where we consider
the vortex initially at the point (0, @) to correspond to p = 0. Let the vortices on the
line y = — @ be subject to a slight displacement so that the co-ordinates of the ¢’th
vortex are ((2¢ — 1) b + 2’,, — a + ¥’,), and the vortex initially at (b, — @) is considered
to correspond to ¢ = 1. If a vortex be subjected to a slight displacement, the infinite
line of image vortices to which it gives rise is displaced in such a manner that all vortices
suffer the same z displacement, and the positive and negative vortices suffer y displace-
ments of equal magnitude and opposite sign.

10.2. Let u, and v, be the components of velocity of the vortex at (0, a) due to its
own image vortices. In the undisturbed state we find

If the vortex is now disturbed and takes the position (z,, @ - y,) we get

a
Uo -+ By = — = tan - — Yoqagsect o5 Vo + 80 = 0.

10.21. Let us now consider the velocity of the vortex at (0, @) due to the vortices on
the line & = 2pb. Let u, and v, be the components of this velocity. We have

i Io sinh (z — 2pb — ta) = [4c
2% 8 Gosh (z — 2pb + ia) = /dc

w0 = —

If u (,y) and v (z, y) are the components of velocity at a point (z, y) due to this system,
we have

_ o0y «k sin [= (y — a)/2¢]
w(@ y) = oy é_o-{cosh [ (x — 2pb)/2c] — cos [ (y — a)/2¢]
4 sin [= (y + a)/2¢] }
cosh [x (x — 2pb) /2¢] + cos [x (y + a)/2¢])’

_ oy sinh [r (z — 2pb)/2¢]
v(@9) =~ o 8¢ {cosh [ (x — 2pb)/2¢] — cos[= (y — a)/2¢]
V . sinh [= (x — 2pb) [2¢] }
cosh [ (x — 2pb)/2¢c] + cos [« (y + a)/2¢])
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If the vortex now suffers a displacement so that its co—ordinatés are (2pb + z,, a - 3a),
that is (2pb + ,, @ -+ ¥,); we get by taking a first order approximation to the velocity
at the point (x + 3z, y + Sy)

u(w+8w,y+8y) [ML + (32 —w)[amay] +8yg—;%]y+y”[%]y

o o2 " o2 [ o
v (m + 895, y + 8?/) - _—[-é%]x, Y, u— (8:27 - 1131,) [%%}m,y,u— Sy _a.’;’t} g)y]m,y,u— yp [80& g)wl, v,6

If we evaluate these quantities, put « = 0, y = a, 32 = x,, 3y = ¥,, % (0, @) = u,, and
then sum with respect to p, we get

7 K 7 ASin 2"\1
= — =2
2 (up + Su”)k 8¢ cosh 2pu. - cos 2v

KT ) sinh 2pp sin 2v

. 16 r (cosh 2py. - cos 2v)

_ KT 5y {cos 2v cosh 2pu + 1 1 } |

~ 16¢2~ 7° |(cosh 2py + cos 2v)2 ' cosh 2pyp — 1)

LR {cos?v cosh2ppu+1 1 1.
16¢2 “? {(cosh2pu + cos 2v)*  cosh 2pp — 1} )

Also |
. KT cos 2v cosh 2pu 41 1 '
’ —_ Z/ . P&" }
= (v, +3v,) 16¢2 (o ){(cosh 20w + cos 20)* ' cosh 2pp — 1

LR sinh 2pp sin 2v
16¢2 y”(cosh 2pp -+ cos 2v)?2’

where . = gg, and v = 725-?; and where the sign X’ denotes summation over all positive

and negative integral values of p, excluding p = 0. We see that O0=p=ow,
0 = v ==/2 and that 'v, = 0. \

10.22. Let us now conszder the velocﬂ;y of the vortex at (0, a) due to the vortices on
the line = (29 — 1) b. Let v’  and ', be the components due to this line of vortices..
We have
i 1 80D (5 — (2 — 1)b+da)mjde
2r °cosh(z — (2¢ — 1) b —1a) ©/4c

282

o=
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If the vortex suffers a displacement so that its co-ordinates are ((2¢ — 1) b -+ 2/,
— (@ + 3a) ), that is ((2¢ — 1) b + 2',, — a + y/,), we get in a similar way :

sin 2v
=Wy du'y) = cosh (29 — 1) p — cos 2v

KT s sin 2v sinh (29 — 1) p
16¢2 "~ ?(cosh (2¢ — 1) p — cos 2v)?

J AT {costcosh(Qq—l)p.—l 1 }
16¢2 (cosh (2¢ — 1) w — cos 2v)2 ' cosh (2¢ — 1) p 1

LI {cos,‘Zv cosh (2¢ —1)p—1 1 1
16¢? (cosh (2¢ — 1) » — cos 2v)2 cosh (2¢ — 1) p + lf’

23, =

KT (@ __x){cos,chosh(2q—l)g~l 1 }
16cz = V° “ (cosh (2¢ — 1) & — cos2v)* ' cosh (2¢ — 1) p + 1

«k%_  , _ sinh (2 —1) p sin 2v
162~ 7 (cosh (29 — 1) u — cos 2v)?’

+

where the sign £ denotes summation over all positive and negative integral values of g,
including ¢ = 0.

10.23. Hence, if V be the velomty of the vortex at (0, @) in the undisturbed state, we
have

v —f-%— Uy + dug +- E7 (u, +- du,) + = (', - 3u)

= Uy + Z’up—l— Zu'y + L7 du, -+ X du,

o Ktany— K sin 2v +_K_Z sin 2v
8¢ 8¢~ cosh 2pu | cos 2v cosh (2¢ — 1)y — cos 2v
N sinh 2pp sin 2v
1602 (cosh 2pu —+ cos 2v)?
_ km cos 2v cosh 2pu 1 1 }
1602?/0 [sec v+ 3 <{(cosh 2pp + cos 2v)> © cosh 2pp — 1
_ {cos 2vcosh (2¢ — 1) p — 1 1 }]
~ | cosh(2¢g — 1) p —cos 2v ~ cosh (29 — 1) p 41
KT < {cos 2v cosh 2pp 4-1 1 }
16¢? ? |(cosh 2pp + cos 2v)2  cosh 2pp — 1

KT s sinh (2¢ — 1) u sin 2v
16¢2 “(cosh (2¢ — 1) p — cos 2v)?

KT {cos 2v cosh (2 — 1) p —1 1 }
Jo (cosh (2¢ — 1) — cos 2v)*  cosh(2¢g — 1) p 1
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In this expression the terms independent of the disturbance are

K K sin 2v K sin 2v
— =1 — =X — X .. (8
8 " T8~ cosh 2pp +- cos 2v T 8¢ cosh (29 — 1) w — cos 2v (8)

This and similar expressions can be simpliﬁed by means of the following formulee

T8 (ve/m | 7) sin 2v

A A

= cotv—]——Q—V—]—?_.g
w

SOCIETY

OF

A A

SOCIETY

OF

T & (vr/n | 7) 1 cosh 2pp — cos 2v’
T (vrfmlT) 2v S sin 2v
T %y (ve/m | 7) * 1 cosh (2p — 1) u — cos 2v’
33'5(\/7{7\: T): g!+2§ — gin 2v '
T &g (vi/m | 7) @ 1 cosh (2p — 1) u + cos 2v
T (vrfr|r) 2y 2 — gin 2v
9 (vi/n|T) tan v m +2?008112}9;1.—1—(3082\)’
where p and v are real and where v = ni/u. Hence the expression (8) equals
K -2¢ (975 (2ud) | 9 (Zid)}] xd
Ll 2010 s =U,—,
snc[ Smd iy {32 @d) 3, (2id) Ve
But, in summing the velocities contributed by the various lines of vortices, we have been
using the o function
C kd K
— ¢ g5z logf(Z)
as shown in paragraph 2.23. Hence V equals U — «d/c, and the terms independent of
the disturbance cancel. Similarly we get
t%tg - ZI/U?’ + Ev,q
kT [Z’ {cos 2v cosh 2pu +1 1 }
T 162 7°" |(cosh 2pu +cos 2v)2  cosh2pp —1
_Z{cos% cosh (2¢ — 1) p — 1 1 . H
(cosh (2¢ — 1) w —cos2v)?2 * cosh(2¢ — 1) +1
R cos 2v cosh 2pu -+ 1 1 }
16¢2~ * {(cosh 2pu + cos2v)2 ' cosh 2pp — 1
KT <y sin 2v sinh 2pp
- 16¢2 = Yr (cosh 2pp. + cos 2v)? ;
KT o {0032\: cosh (2¢ — 1)u —1 1 }
16¢ 77 |(cos (2¢ — 1) p —cos 2v)2  cosh (2¢ — 1)p -1
k% « , sin2vsinh (29 —1)p
T gAY (cosh (2¢ — 1) u — cos 2v)?’
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11. The Type of Disturbance.

There are an infinite number of such equations but they are reduced to two if we put
&, =« cos 2pé, Yy, == B cos 2pé ; &y = a’ cos (29 —1)¢, ¥’y = B’ cos (2¢ — 1) ¢. %, B,
«’ and B’ are functions of the time and ¢ is some real constant such that 0 = ¢ = =.
The factors cos 2p¢$ and cos (2¢ — 1) ¢ introduce a periodicity depending upon position
into the displacements of the vortices—the wave-length of this disturbance being
2nb/ .

12. The Equations of Motion.

pa = Ao -+ Bp + A’ + B'p’
op = Cu + Dp + C'«’ 4 D@/,
where ¢ = 16¢?/«xw and where

sinh 2pup sin 2v 0
(cosh 2pp. + cos 2v)2

cos 2v cosh 2pp + 1 1 }
(cosh 2pu + cos 2v)2 * cosh 2pu. — 1
+x {cos.‘?.vcosh(2q—~1)g—l 1 }
(cosh (29 — 1) w —cos 2v)2 ~ cosh (29 — 1) ¢ +1

cos 2v cosh 2pp 41 1 }
(cosh 2pu + cos 2v)2  cosh 2pp — 1)

12.1. We get

A =X’ cos 2p¢

B:———seczv——z’{

— X’ cos 2p¢ {
sinh (2¢ —1) psin 2v 0
(cosh (2¢ — 1) w — cos 2v)? ’

cos2vcosh (2g —1)u —1 1 }
(cosh (2¢ — 1) w —cos2v)?  cosh(2¢ —1) u +1)’

A= —Zcos(2¢g—1)¢

B’:——Zcos(2q——1)¢{

0 = — ,{cos2vcosh2pu+1 1 }
o (cosh 2pp. + cos 2v)2 ' cosh 2pp — 1
n; {GOSQVOOSh(2q-——1)y.—1 ) 1 ‘ }
(cosh (29 — 1)p —cos 2v)2  cosh (29 — 1) p +1
, cos 2v cosh 2pu 41 1 }
| F B cos 2pg {(cosh 2pp +cos 2v)2  cosh 2pp — 1)

D = S/ cos 2]795 { sinh 2]7(.1. sin 2v } =0,

(cosh 2pu + cos 2v)?

cos 2v cosh (2¢ — 1) u — 1 1 }

(cosh (29 — 1) p — cos 2v)*  cosh (2¢ — 1) w + 1)~
sinh (29 — 1) p sin 2v } —0

(cosh (2¢ — 1) p. — cos 2v)? ’

C’=—-—-200s(2q——1)¢{

D'= Zcos(2¢g—1) 96{

The equations therefore are .

X = Be + B’p’
T N } ........ (9)
pp = Cu + Cw ‘
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To deduce the equations relating to the lower row we have merely to reverse the signs
of « and @, and to interchange accented and unaccented letters. Hence

b= —Bp —BW}
o/ = — Cu — Co’
Putting « - age, P — (306}‘;, o :'oco’ve"‘ and B’ = B, ¢", we get in the usual way
{#98 — (B —B) (C+ 0)} {2 — (B+B) (C — )} = 0.
‘The solutions are therefore of two types. In the first type we have
«=o, B=—p

This solution involves exponentials ¢¥ where 2 is given by

1 ,
’ =:!:E\/(B—B’)(C—I~C’).
In the second type we have

“="—“,9 p=

4
This involves exponentials e* where

7\=:I:%\/(B+B’)(C—C/)-

For stability therefore we must have (B — B’) (C + (') and (B -+ B’) (C — C’) either
negative or zero in the range 0 = ¢ = =. The cases where these expressions are zero
are ncluded in the stable type for the period of the disturbance is then infinite.

12.2. We note, however, that if we put (r — ¢) instead of ¢, « and { remain unaltered
but «” and B’ change sign.  This means that the first type of solution is transformed into
the second. This is easily verified for if we put (x — ¢) instead of ¢ in (B — B’)(C + ()
we get (B + B’)(C — (). It is therefore only necessary to discuss the expression
(B—B)(C+ 0).

13. -0, v =0, .

When p. and v are both vanishingly small we get

2B—B)=X—-Y and 2(0+0C)=X4+Y,
where

X=-§tanh£+ [mjuf =] ; coth [(1 — )iz /u]

cosh? [vr/u] (1 — +2)
| _2¢4(r—¢) msinh(z—24)/u
’ u2 W coshm/p ’

v —™cosh[2vé/u]  njp cosh[(1 — v*)'(x — 24)/u]
p2cosh? [vr/u] (1 — 2% @nh[(1 — v?)in/u]
__2n¢cosh v (m — 24)/u
w2 cosh v/ )
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For future reference we note that

(B—B)_0 = [cosl(g/(‘:f/u) —(1“_/ ooth (1 — 275/;1.] C..oay

If now we let ¢ - o, while ¢ and b are finite, then by neglecting powers of p.b and v greater
than the second, and putting v/u = k, we get

Lt 2Bw?) =2 (g+3P—k 5 1—cos2pé

c—> o [(‘] + %)2 =+ k2]2 p2
- cosh2 kn 2p(m—4)=DBo (ay),
Lt (2Cp?) = B,,
) = —x EP =R '
Lt (2B'p2) = Z‘.[( iy +k2]cos(2q—l— 1)¢
_ 2n¢ coshk(n —24) =2 cosh 2ké _ — B, (say)

cosh kr cosh? kr
Lt (2C'p2) = B/,. :

¢ —> 0

This means that the two types of solution become identical and that stability depends
on A where A= 4+ vBg— B22ou2 = + VB2 — B'2?[8xl?. When ¢ =r/2,
B’, = 0 so that we must have B, = 0 for this value of ¢. This condition is only fulfilled
when cosh? k= = 2, that is when v/u = a/b = 0-281. This result was obtained by
KARMAN but it was Laums (loc. ¢it.) who gave a detailed proof that B2 — B'¢? is always
negative when & = 0-281. This means that if u is plotted against v, the slope of the
tangent at the origin is 3-559.

14. v=20.

We must also consider the case where v = 0 and u is finite. It is at once evident

that (C 4 €)= = 0 and that [d%s (C+ C’)] = 0. It is necessary to know
~ ‘ =0

whether (C 4 C’) is positive or negative in the neighbourhood of ¢ = 0. This is

determined by the sign of [ (C+C )] . When v =0 we find that this is
=0

de?

always positive so that the curve (C + C’) always has its concavity upwards in the

neighbourhood of ¢ = 0. This necessitates (B — B’) negative in the neighbourhood ot
= 0. When ¢ =0 we get

’ — N : -
(B—B)-0 =43 o= 1) ~ cosh 2qu + 1>

____""_ 3‘// (O) 97’ ( ) 47y -—7}_/&.

=3 [az(o) + 4(0) + } vhere ==
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We get 0 = (B — B’), -, when p = 2-229. Hence when v == 0 the system cannot be
stable when p < 2-229. When p = 2-229 we have :—

" C+ ¢ = 0-8080 — 08916 cos ¢ — 0:0100 cos 3¢ .
-+ 0:0926 cos 2¢ - 0-0010 cos 4¢,

B—B = —0-1920 + 0:1896 cos ¢ - 0-0001 cos 3¢ - 0-0022 cos 2¢
-+ 0-0001 cos 44¢.

It is easy to verify that (C + C’) is always positive and (B — B’) always negative.
When p > 2-229 we find a similar state of affairs. Hence when v = 0, p = 2-229 for
stability.

15. General Case. u and v any Value.

15.1. Let us return to the general case. The product (B — B’)(C + C’) may be
negative in three different ways :—

(1) (B — B’) always positive and (C -+ C’) always negative.

(2) (B—B’) and (C+ ) a.lways of opposite sign for the same value of ¢, but
intersecting on the ¢ axis at the same point or points.

(3) (B — B’) always negative and (C + C’) always positive.

15.2. Type (1) may be ruled out immediately because if (C + C’) is to be negative
at ¢ = =, both w and v must be small, and when p-and v are small we have seen that the
system is only stable when v/ = 0-281—and in this case the stability is of type (2)
for (B — B’) and (C -+ C’) intersect on the ¢ axis and change sign, at the point ¢ = i=.

15.3. Stability of Type (3)
15.81. Discusston of (C + C).

We khow that when ¢ = 0, (C 4 C’) = 0 and di (C+4+C) = 0. Hence if (C-+C’)

is to be positive it is essential that [ (C + C’)] should be positive. This con-

de?
dition is a necessary one but not, as far as we know at present, a sufficient one. How-
ever, if some value is assigned to v (other than v = 0, as this case has been considered

independently) and we consider the variation in the form of the curve (C + C’) as p

increases from 0 to «, we find that [ (C+ C’)] | equals — o when p =0, and
. =0

d¢?

18 positive, approaching zero, when p is+ «. Hence at some point in the range,

[ T+ 0')] — 0. When [«W(O + c')] <0, the curve (C-4 () is convex

VOL, CCXXVIIL,—A, 27T
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upwards in the neighbourhood of ¢ = 0, (C 4 C’) decreases till it attains a minimum,
it then increases—cuts the axis of ¢ in some point, and remains positive for all
succeeding values of ¢. As p increases in value, the point of section with the ¢ axis
tends to and finally attains the point ¢ = 0. For this value of p, the curve (C - C)
2
has three zeros at the origin, that is L—?{—E (C+ C’)] = 0. This is the limiting case.
. ¢=20
When . is greater than this value, (C + C’) is always positive in the neighbourhood
of ¢ =0, and from empirical determinations and from the general form of the curve
we see that (C - C’) is positive in the range 0 = ¢ = =. We see therefore that the

necessary and sufficient condition for (C - C’) to be positive is [j—; (C+ C’)} = 0.
The curve [&%5 (C+ C’)] = 0 has been drawn and the values of p obtained for
=0

different values of v give lower limits for stability.

o

oo}
S
(=)
O
ey
2
= N
juery
©
o
(o)

15.32. Discussion of (B — B).

The other condition for type (3) is that (B — B’) is always negative. Since (B — B’)
is a continuous function it is essential that at least (B — B’),_, = 0, so that in the
neighbourhood of ¢ = 0, the product (B — B’)(C 4+ C’) should be negative. As before,
this condition is necessary but not, as far as we know at present, sufficient. When
v is small, e.g., v = 0-01, we find that if (B — B’) is to be negative, u cannot lie between
the values 0-009 and 2-228. The lower limit is obtained from equation (11), and the
upper limit from the exact expression for (B — B’);_,. When p = 0-009, (B — B’)
is found to be negative and the curve (C - C’) is found to be either negative for all
values of #, or to intersect the ¢ axis at some point. The system therefore cannot be
stable in the range 0 =< p = 0-009. When p = 2-228 we find that (B — B’) is always
negative (and from the condition for (C - C’) we find (C + C’) always positive). A
similar variation in the form of (B — B’) occurs for other values of v, e.g., v=13°
where the limits are . = 2:000 and p. = 0-625. Hence if (B — B’) is to be negative,
then (B — B’); ., = 0. The justification for-the adoption of this criterion is of an
empirical nature, but it certainly defines ranges in which (B — B’) is always negative.

 15.33. When v = 0, the two roots of the equation (B — B’); - = 0 are w = 0-000
and p = 2-229, and the tangents at these points are parallel to the axis of v for

;(B — B’)y~-0=0 when v=0. As v increases, the two roots of the equation
v . :

B—B)_0=0 approach and ultimately coincide. - , At this point the tangent to
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the curve is perpendicular to the v axis. This point is determined as follows, The
equation (B — B’), ., == 0 can be written

4§ cos 2v cosh (2¢ —1) w —1 & cos 2v cosh 2gp .+ 1
1 (cosh (2¢ — 1) u — cos 2v)? 1 (cosh 2qu - cos 2v)?

=sectv. . (12)

The terms on the left-hand side form a rapidly convergent series whose terms are
alternately positive and negative ; the first term is therefore the most important term.
Let the sum of the series on the left-hand side be ¢ times the first term, where p, of
course, is less than unity. Putting cos 2v = ¢ and cosh u = %, the equation becomes

4mc—1p= 2
(x — c)? 1+¢’
that is ' .
22 — 2xc (1 + p + pc) + ¢ + 2p¢ + 2p = 0.

If the roots of this equation are equal, then

(1 + p + po) = ¢ + 2pc + 20,
that is :
(0 + 1 [oc* +2¢ — 2] = 0,

that is ¢ = %(\/ 1 4 2p — 1) and the corresponding value of z is

b))

As a first approximation put p = 1; this gives ¢ = v/ 3 — 1, that is v = 21° 28, and
% = 2, that is p =1-317. If the terms on the left-hand side of equation (12) are
evaluated with these parameters it is found that ¢ = 0-715. This gives a second
approximation and we get v =19° 18’ and w =1-178. The third approximation
gives v =19° 18’, w =1-177. This is the required point and our information now
enables us to draw the curve (B — B’),_,=0. We find that it cuts the curve
[%(C + C’)] =0 at v=0, p =20, and at the point p =1-28, v=18° 45" =
! ‘ $=0 .

0-327. -

156.34. If (B — B’) is to be negative for all values of ¢ the point (1, v) must lie outside
the domain enclosed by the curve (B — B’), .o =0 and the p axis. If (C4 () is
to be positive for all values of ¢, the point (i, v) must lie outside the area enclosed by
the curve [;%2- (C+ C’)] =0, the axis of v and the line v=1n. Obviously then,

¢=0
all systems that have their parametrical point (1, v) in the space above both these two
curves are stable. This domain is called the “ Stability Area.” (See fig. 9.)

2T 2
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15.4. Another Form of the Criteria for Stability.

82

The conditions [B P2

(C+ O’)L =0 and (B — B")(bzg = 0 may be expressed in
=0

another way :

o [o0s2veoosh(2p —1) p—1 1

a V4 —_— hd — o
[aqbz (C+C )]¢==o - 221: (Zp—1p l(cosh (2p — 1) u — cos 2v)? L cosh (2p —1) —,1-1}
— 9% (92 2p)? {cos 2v cosh 2pp + 1 1 }

1 {cosh 2pyu + cos 2v)2 * cosh 2ppu — 1)

Lo @ cosh@p—1)u+1

o 221: op? log cosh (2p — 1) p — cos 2v
o 0% cosh 2pu —1

+ 2% p2 log cosh 2pu + cos 2v’
_ 282 oo I cosh @p—1)pw+1 5 cosh2py —1

5@31 & cosh (2p — 1) p — cos 2v 1 cosh 2pu + cos 2v°

We know, however, that.e™* = ¢;, hence

(o]~ )oufo]-]
3 = 1 =
= »}—O)] 2.2 1 )20 7
PPE PP P g& EIESINE 1>'
) 4\ TT 2\— =
\TC T/ TT T
Putting =, (=) = -:rl-, we get p = ?TE =m=t;. Also, by puttingq% = v; the condition

[8 po (C+ C’)] E 0 becomes

_8_2__10 9y (Ol'ﬁ 493(0"‘71)
0t 2 9o (vy]71) ¥ (va|m)

Similarly the condition (B — B’);., = 0 becomes

2log s ( v1|1'1 I V1l‘51 = 0,

ov
or .
| o 9,7 (0]7y) 95 (0]7y)
10 1 1 3 1
a\‘12 & 32 V1|""1) %4 V1"'71) =
The obvious symmetry between conditions (13) and (14) suggests that they could have
been obtained from more general considerations.

=0 ... (14)

15.5. Stability of Type (2).
Let us now discuss the second type of stability Let us assign some value to v

(v small). When (u, v) lies below the curve I: iF (C + O’):] = 0, the curve C + (),
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is convex upwards in the neighbourhood of ¢ =0; (C -+ (') decreases till it attains a
minimum, then it increases—cuts the axis of ¢ and remains positive for all succeeding
values of ¢. If at the same time the point (u, v) lies above the curve (B — B’), ., =0,
then the curve (B — B’) is positive when ¢ = 0 ; it decreases—cuts the axis of ¢ at
some point and remains negative for succeeding values of ¢. In general the points of
section with the ¢ axis for these two curves are different, but in the particular case where
they coincide, the system is stable. When p and v are small we know that /v = 3-559,
and in this case the two curves intersect on the ¢ axis at ¢ =4=. This indicates that the
tangent at the origin to this curve, which may be called the * Stability Curve,” is 3-559.
Another example of this type of stability is afforded by the case p = 1-00, v = 15° 45",
This gives :—

C+C" =1:2505 — 2-1108 cos ¢ — 0-3593 eos 3¢ — 0-0504 cos 5¢

— 00068 cos T¢ — 0-0009 cos 9¢ - 1-1192 cos 2¢
-+ 01373 cos 441 0:0184 cos 5¢ -+ 0-0025 cos 8¢ - 0-0003 cos 10¢.

B — B’ =0-1710 4 0-5379 cos ¢ — 0:0021 cos 3¢ — 0-:0043 cos 5¢
— 0-0005 cos T¢ -+ 03289 cos 2¢ + 0-0148 cos 44
-+ 0:0015 cos 6¢ —+ 0-0002 cos 8¢.

| {
$. l 0. | = \ in. l P l im. 1 . | | m .
G+ | 00000 |—o-0564—0-0024|—o-084s| 0-25m8| 1-36%| 2-3000| 35016 506
B_B | 10474 | 0-7964 0-5409 0-2692 —0-1445)—-0'2681 —0~26081—0-2102 —0-0145

The two curves cut the ¢ axis at ¢ = 76° and the system is stable. For a greater value
of v there will be a correspondingly greater value of w and the point of section with the
¢ axis will be nearer ¢ = 0. The limiting case in this type of stability occurs when the
point of section is at ¢ = 0. At this point we have (B — B'),_,=0 and

[ iF (C+C )] = 0. That is, the “ Stability Curve” must pass through the point-

of intersection of the curves (B — B’)¢_ o= 0and [(;l PR (C+ )] =0 asinfig. 9.
$=0 - :

15.6. Fig. 9 has been divided into régimes which mdlcate the form of the stream lines.
Thus, the curve u (0, — ¢) = 0 is the curve giving the transition form between types
4 (b) and 4 (d) and also between 4 (f) and 4 (h). When ¢=+/3, d=4/3/12,
% (0, — ¢) = 0 has two coincident roots—that is, at the point p = n/4/3, v = =n/6,
the tangent to the curve u (0, — ¢) = 0 is parallel to the axis of v. From the discussion
of the case v = 2-06¢ we know that this curve passes through the points p = 1-525,
v=0-906 and p = 1-525, v = 0-180. Also by direct calculation we find that when
t =10, u (0, — ¢) is zero when d = 4 0 and when d = 238 approximately. This
seems to indicate that at v = 0 and v = §/r the curve u (0, — ¢) = 0 is perpendicular.
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to the axis of v. The following consideration shows this to be so. As ¢~ o, that is
as u ~ 0, the velocity at (0, — ¢) becomes

(— tanh 2nd — 2 tanh (}nt — d) + 2) «= /4b. (15)

2
501 , /

4.0}

(c+c’)

30

Putting tanh nd = =, tanh =n¢/4 = y, the equation u (0, — ¢) = 0 becomes

x Yy—% _ 1o
TT& 1oey =0

that is
y=L1tara
1 +z+ % _
Hence y -1 as £ >0 and as x ~1, that is t¢ > as d >0 and as d -}, and the .
approximation (15) is justified in these cases. :
15.61. The limiting case between 4 (d) and 4 (f) is 4 (¢), and this is given by the
curve showing the relationship between w and v for which the maximum of S (0, Y)
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oceurs at the point where S (0, Y) = 1. ~From the discussion of the case = = 2:06: we
know that the curve passes through the point p = 1-525, v = 0-564. The curve also
passes through the point p = =/4/8, v=}§r. Also, when {= o, 8(0, Y)=1 and

—%S (0, Y) = 0 when d = 0and Y = — 1. Since 2d = v/u, the slope of the tangent

2-50 STABILITY AREA
S k - _ 4h
~5
t‘\: S B v /

1501 4};

100} -

'50 L

v N . N
4 = 7
: ? I

Fia. 9.

at the origin is + o, and the curve is as drawn in fig. 9. This immediately verifies the
fact that when p = 0 and v = 0, the shape of the stream lines are those given by vox
KArMAN. When 2:229 > u > n/4/8, u (0, — ¢) is never zero and the stream lines
are either of type 4 (b) or 4 (g), with the type 6 (¢) in the transition stage (see fig. 6).
The curve giving the intermediate type is the curve 8 (X, }) =1. This curve, which
passes through the points p = =/1/3, v = Ir, and p = 2-229, v = 0, has been drawn
infig. 9, When p = 2229, the curves are always of the type 4 (4).
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15.62. It 18 at once evident that when p < 2-229 there is no well-defined connection
between the shape of the stream lines and the stability of the system. The stream lines
are first of one type and then of another—and, in fact, when u is slightly less than
©[4/3, the stable types include all the possible forms of stream line. It is only wher
w = 2-229 that there is a distinct connection between the stability and the shape of the
stream lines—the latter are always of one type and the system is always stable.

Prosrem II.

16. Determination of the o Function.

The discussion of the bounded symmetrical double row is very similar to that of the
bounded unsymmetrical double row. In this system there are positive vortices at the
points (2nb, a) and negative vortices at the points (2rb, —a); and the width of the
channel is 2c. In this case we see that = (= 1) = ic¢/b, and using the previous notation
we find that the o function for the relative stream lines is

K s ex <_ianz> 94 (Z — id)
9r 08 XD x )% (Z+d)

Ui i velonito of the vortions and saaals 8¢ 2. Cd)
where U is the velocity of the vortices and equals D S, (2d)

When ¢ -> o we get

U- %X coth = 2.

4b b
J
y ) " ) )
) ) 3 ) M|
I <———-2[)- = K
R -5 B} . s <) )
G e R T Y, i
li 2 N n ) )
y b b 3 y
) ) 2 ) )
Fic. iO.

17. Points of Zero Velocity.
We have '

g W)y, U 1og (7,

o=—U—glg gt
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Therefore

do _ _y_w [f(Z)
P i ()

As before, f’(Z)/f(Z) is an elliptic function whose|periods are1 and =. f(Z) hasone simple
zero and one simple pole within a period parallelogram so that ' (Z)/f(Z), and therefore
dw [dz, has two simple poles within a period parallelogram. Hence d » /dz must have one
double zero or two simple zeros within this area. Therefore there must be one and only
one point of zero velocity within the domain 0 = x =b; 0 =y =< ¢; and it must lie
on the boundaries of this domain. (It is shown later, in paragraph 18, that there cannot
be a point of zero velocity on the line z = 0 except when d = 0 and d = 3¢, in which
cases the velocity is zero everywhere.) When the zeros occur at the points (b, 0) or
(b, ¢) it can be shown that the zeros are of the second order. We have

f@)fl—12)=1,

e _ra-n_,
=

fil)—fi1—2) =0,
fAZ)+f1(1—7Z)=0.

so that

1.e.

and therefore

Putting Z = { we see that f’; (3) = 0. Putting Z = 1 + }+ we get

J1(G+47) ‘I‘f/l(’%‘__%"’) = 0.
But f'1(} + 3~) =f1(3 — §=) since f, (Z) is periodic in +. Hence f; (3 +347) =0,
and therefore if dw /dz is zero at either (b, 0) or (b, ¢) the zero is of the second order.
18. Since ¢t > y > — ¢ we can use the following expansion
bdo 48, (2d) i 8 (Z—id) | i 9 (Z 1 id)

2 79 (2id) = 9 (Z—1d) = 9 (Z+id)

'

% |

__ cosh 2dr (cosh 2dr |- cos 2Zn) — 2
sinh 2dr (cosh 2dr — cos 2Zr)

4 s i qu;w sinh 2rnd (cosh 2rnd — cos 2rrZ).
11— -
When Z = 1Y or X or 1 + 1Y it can easily be seen that dw /dz is purely real, so that the

velocity at any point on these three lines is parallel to the x axis. When Z = X + =
we get

dbdo 9, (2id) 09, (X—idd) | i 8 (X 4 1d)
k dz T % (2d) w8 (X—id) = 9% X+id)’
VOL. CCXXVIII.—A. 2 U
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and this is also purely real since the last two terms are conjugate. When Z = 1Y we
see that dw /dz is negative if 3t > Y > d and that dw [dz is positive if d > Y > 0 so
that there cannot be a point of zero velocity on the line z = 0.

19. The Relative Stream Lines.

19.1. The relative stream lines are given by

8xbUY\ [ 82 (Z—id) | _ (8nbUY> 952 (1Y — ) 92 (X) — 94 (¥ —d) 9,2(X)

J3EZ )|~ PP\ T )5 Y 1 d) 82(X) — 82 (1Y 1) 95 (X)

K

exp <
= constant = S (X, Y) say.

We see immediately that the line Y = 0 is a stream line of every system and that it
corresponds to S (X, Y) = 1.

19.2. When a is small the stream lines in the neighbourhood of the vortices at (0, + a)
should be similar to those of a vortex pair, since in this neighbourhood the effect of
the other vortices may be neglected in comparison with the effect of the vortices at
(0, &+ @). Similarly when a is very nearly equal to ¢, the stream lines in the vicinity of
the vortices at (0, ¢ + (¢ — a)) should be similar to those of a vortex pair.

19.3. We have also

(o) = e S, e (@i
4rb 9, (2:d) 2n 9y (Z + 4d)
i 9’y (2id K 94 (Z +1d

(0)y-a= b &11((2@'01)) 2 o log i%z-i%&%’

[585 (@)«zl = {582 (“)*“d]z+%f'

This means that if we have two systems given by the parameters d and (§t — d), and if
we compare the velocity at a point z of the first system with the velocity at a point
z + 47 of the second system, we find that the velocities are equal in magnitude but
opposite in direction. - This is obvious from general considerations, for the systems d
and (3¢ — d) are identical in every respect except that one system has been pushed up
through half a period parallel to the y axis. Therefore if we have the sequence of
diagrams which represents the gradual change in the shape of the stream lines as d
increases from 0 to }¢, then by pushing the diagrams up by half a period and reversing
the order of the diagrams we get the sequence from }¢ to 4t. By symmetry therefore
one might expect that when d = ¢, there should be a point of zero velocity at (3 + £+).
This is correct and can easily be verified.

19.4. In view of these considerations there is one and only one sequence of diagrams
for all values of <.

and we get
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(&) BN N [ (S
\/ \&/ \&/ ¢ g

(@) d-d,

le) d-4t-d,
Fie. 11.

20. Stability.

The following discussion is sufficient to show that all these systems are unstable.
The equations dealing with the disturbed motions of the vortices can be derived by
following out arguments identical with those used in connection with the first problem,
but they can be obtained immediately by putting 2q wherever (2¢ — 1) appeared in the
previous work, the summation with respect to ¢ being over all integral values from — oo
to + o including 0, in both cases. We get

CL—=—8%( — ong) (1 — cos 4v) (cosh? 4py. + cosh 4py — cos 4v — 1)
+ ( cos 2p) (cosh 4pp. — 1) (cosh 4pp. — cos 4v)? )
2 U 2
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Excluding the trivial cases v = 0 and v = 4= we see that (C 4 C’) is negative for all

values of ¢, p and v. Also
B—B — —8 3 (1 + cos 2p¢) (1 — cos 4v) (cosh? 4pp. + cosh 4pp. — cos 4v — 1)
1

(cosh 4pu—1)(cosh 4pu—cos 4v)?

+ 8583 cos 2p ¢

- T 20 — 4 cosec? 2v.

We see that at ¢ = 4=, (B — B’) is negative since

[§ cos2£¢] s (=1 __§<si11h24ppu——sinh2(4p—2)pu>__—___m
b=ir

1 sinh? 2pp 1 sinh? 2pp. 1\ sinh? 4py sinh? (4p — 2)p
Hence the product (C -+ C’)(B — B’) is positive at ¢ = 4n. Similarly we get that
(C — C)(B + B’) is positive at ¢ = 4n. Hence all these systems are unstable.

Part I1.—The Kédrmdn Drag Formula for a Channel of Finite Breadth.
1. Ingroduction.

The present investigations deal with the resistance experienced by a body moving in
an inviscid incompressible fluid in a direction parallel to the boundary walls which are
plane. The motion is two-dimensional and we assume, as did KArMAN, that behind the
moving body, at a distance which is great in comparison with the dimensions of the
body, the motion is periodic and that the double trail of vortices arranges itself as in an
unsymmetrical double row in which the stability ratio is satisfied.

L.1. Notation.
At this stage let us introduce the following additional notation :—
#, v, = components of velocity on the boundaries of a closed portion of fluid.
A = stability ratio = a/b = 2d. |
« =1(a + ¢). p=b—1(c—a), y=2z-1c
ay; = « /20, B, = B/20b.
V = velocity of body in the channel.
V, = velocity of vortices in the rear of the body.
U = velocity of vortices in the corresponding KARMAN street.
W = drag experienced by the body.
p = density of the fluid.
| = a linear dimension of the body in the channel.
kyp = the experimental value of the drag coeflicient = W /plV2.
kv = KARMAN’s original value of the drag-coefficient (given by formula 2).

k’» = the KARMAN value with the correction due to the channel walls (given by
formula 4B).
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1.2. Summary of Previous Results.

For the unbounded unsymmetrical double row, the » function is

ik lo sin = (z — 1a)/2b
2n ° cos w (2 -+ a)/2b°

The velocity of the vortices is iib'tanh na [b.

The stability condition is cosh? na /b = 2, that is a/b = 0-281.
The general expression for the drag experienced by the body is

_ KA pr? '
W=82(V_oU)+25. . ... (1)

If the stability condition is introduced into this expression, it becomes

2
W = 20bV2 {0-795 <-g>— 0-316(%) }» = KpelVe. . ... .. )

For the bounded unsymmetrical double row, the « function is

| Ir 8 §,(Z 1 4d) 94 (Z T+ id)’
The velocity of the vortices is

UK [3’2 (2id) | 9, (2’id):l
4rb |5, (20d) ' 9, (2d) |

The stability ratio is only determinate when b/c = 0-815. In this range a/c < 0-208.
Hence the following work can only be applied to the cases where the distance between
the rows is less than one-fifth (approximately) of the distance between the channel
walls (see paragraph 2). When b/c = 0-815 there is a gradually widening range of
values of a for which a KARMAN street is stable. When b/c = 1-419 the system is
stable for all values of a.

1.3. Summary of Present Investigations.

When C - o, v.e., when we have a trail of vortices in an infinite sea of liquid, the drag
formula approaches the limit

| o= PRy .E.’f_2.
W=y U+ 22 (3)

This agrees with the KARMAN result. -
In the general case, i.e., when the distance between the barriers is finite the drag
formula is
W=V _2ua—m)+2a—n+2EL gy

b c
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where
__ e {%’ Grtad) 8, (G — 'id)}
2ra |9, G+ 1d) 9y (3t — ).
b — c {«‘)’ (e +id) 9,( — id)}”
 2nb (3 +id) 9, (3r —ud)
¢ [8 (G +d) . 9", (3v —id) 9, (27 + ) , (3T —id)\?
2nb{ 9, (37 + id) + (;,%4» — ) < 9, (3 +zd)> <9 (%Ir —_ z'd)) }’

In the range b/c = 0-815, we may put (with an accuracy of within % per cent.)

h=¢ cosh na/b
a sinh wc/b 4 sinh wa /b
i — 4m¢ cosh? wa /b _mc 1 . 1 >
b (sinh wc/b -+ sinh ma/b)? 2 <sinh2 n(c+a)/2b cosh®w(c—a)/2b)°

In the range b/c < 0-815, the stability ratio for a given parameter is unique and is
given by the following approximate formula

A = 0-281 — 0-006 u,

‘that is
afb = 0-281 — 0-090 (b/c)e.
If we put U = thanh b , we get
o= W olV? = T oth | v {2 (1—h) — coth’ib‘-‘@g 4.0 (10; k)>} <UV>2-! (4a)

If we take account of the partial mingling of the vorticity in the turbulent region behind
the body, we get, by adopting an empirical value for the extent of the annihilation of

the vorticity,

¥ =2 coth 2 [YVL — {2 (1 — 1) — coth ( B 00 ’“)>} (‘-\771” (48)

This formula is obtained on the assumption that owing to the annihilation of the
vorticity behind the body, the strength of the vortices in the street is &« instead of «,

where

_1_2a TG Y_l
E=1 thb U<1.

Formula (4B) gives results which are in close agreement with those obtained by
experiment.

2. Observations on the Stability Condition of a Bounded KARMAN Street.

It appears from Part I of this paper that the stability ratio /b is only determinate
when b/c =< 0-815. In this range a/c = 0-208, that is, the distance between the rows
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is less than a fifth (approximately) of the distance between the channel walls. A very
good empirical formula for the stability ratio in this range is
A = 0-281 — 0-006 p,

that is
| afb=0-281—0-090 (BJe)s. . . . . . . . . . .. (5)

The formula giving A in terms of v can be obtained from the above formula by an
iterative process butthe final formisrather cumbersome and it has therefore been omitted.
It is interesting to note that although the mathematical result indicates that the ratio
/b in this range should be less than 0-281, the experimental evidence seems to indicate
that a /b should be greater than 0-281, even when the channel is very wide in comparison
with the width of the obstacle. The experimental evidence on this point is furnished
by a paper by Messrs. FagE and JomanseN.* In this paper the authors indicate the
difficulty of determining a/b accurately by experiment since the vorticity is spread out
over considerable areas and is not concentrated in definite points as postulated by the
KArMAN theory. It is possible therefore that there is a certain degree of error in the
experimental determination of a/b, but one thing appears to be evident—ua/b is, in all
but one case, greater than 0-281.

When b/c > 0-815 there is a gradually widening range of values of a for which a
KARMAN street is stable. When b/c = 1-419 the system is stable for all values of a.
The precise meaning of the range of stability is not difficult to ascertain. A tentative
explanation might be that the trail of vortices consists of superposed KARMAN streets of
varying stability ratios. This, however, does not explain away the difficulty, as no reason
is given why, when there is a range of values of the stability ratio, only some are chosen
in preference to the others. In addition, when there are several KArMAN systems
together, the stability question has to be discussed ab initio, as the following simple
example shows that it is possible to superpose two stable KArMAN systems and produce
instability :—If the system of positive vortices at (2mb, a) and negative vortices at
((2n + 1) b, — a) is stable, then the system with positive vortices at (2mb -+ b, @) and
negative vortices at ((2n 4 1) b + b, — a) is stable also, but the combined system is the
symmetrical double row which is definitely unstable. The first explanation is therefore
untenable. It is evident, however, that there ought to be a distinct stability ratio.
The only possible explanation of the range of stability therefore is that the stability
ratio depends upon the velocity of the body. A given velocity of the body would restrict
the stability ratio to lie on a particular member of a family of curves and the point given
by the intersection of this curve and the KARMAN range would determine the stability
ratio for a given velocity and for the given dimensions of the body.

The interdependence of 2 and V ought to be expected from general principles. A can
only depend on V, o, ¢, l and g, where [ is some length of the body and y, is the viscosity
coefficient. If A is independent of V, then it is independent of p, since these are the

* Face and JorANSEN, ¢ Roy. Soc. Proc.,” A, vol. 116, p. 170 (1927).
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322 L. ROSENHEAD ON THE KARMAN STREET OF

only two quantities that involve the time dimension. Being independent of y, it is
also independent of ¢ since these are the only two quantities that involve the mass
dimension. Hence we are left with the fact that A is a function of ¢ and [/, that is
A = fe/l. If this were so, there ought to be a distinct stability ratio, for A would be
completely determined by the ratio c/l. The previous work shows that this is not
80, hence we must have A = f (—Y@lﬁ s %) We see therefore that if we attempt to explain
v L
the existence of the range of stability in an inviscid fluid we are forced to introduce
viscosity. The introduction of a small viscosity coefficient would probably alter the
stability ratios slightly, but the general form of the results, the short stability curve
and the widening range of stability (or, perhaps, just a range of stability) would probably
be unaltered.

The following investigation therefore only deals with the domain in which the

stability ratio is determinate—that is b/c = 0-815. In this range a/c = 0-208.

J .
5’ B y=+ C Cl c
1 x=y x=r
] 5 3 5 3 3 5 3
2620 > x
n V*V'
P! 3 bl M ) Pl 3 ?
k-2bj f-2b)
A A S y=-c¢ [ L))

Fie. 12.

3. We consider motion relative to the moving vortices, that is, we use a set of axes that
move forward with a velocity V;. Relative to the vortices, at some distance behind
the obstacle there is a uniform and periodic motion in which the components of velocity
are — U + g—;)- and — %;Ep . The obstacle itself moves forward with a relative velocity
(V—V,), and if T be the time between the shedding of consecutive vortices on the
same row, we have

TOV_V)=2b o v viee .. (6)

The origin of the axes of co-ordinate is taken to be in that part of the fluid in which the
motion is that of a KARMAN street. Let us consider that portion of the fluid which is
bounded by the lines y = 4+ ¢, # =, = T, where 0 =<y =< b, and where I' is very
big and will ultimately tend to infinity. Let us denote by A the closed contour formed
in this way. We assume that, relative to fixed axes, the liquid in the neighbourhood of
x = I' is at rest. On the line x = T the velocity relative to the moving axes is — V;.
Hence the total flow along CD from left to right is — 2V,c. Along the line AB the
motion is similar to that of a KARMAN street and the total flow along AB from left to
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right is — 2Uc + ¢ — ¢, = — 2Uc + wd — ( — wd) = — 2Uc -+ 2«d.  There is no
escape of fluid along AD and CB since they are stream lines. Since we are dealing with

an incompressible fluid we must have that the flow across AB is equal to that across
DC, and hence

Following the method adopted by SYNeE* we arrive at the expression

W = D]_ - Dg
where

D, — %j [¢]°dy and D, = %p[ [ — %) dy — v da},
A . A N .

and where %, v are the components of velocity along A. D, is due to the motion of the
vortices and D, is due to the motion relative to the vortices. In evaluating the above
integrals round the contour, we assume that the lines x =y and z = I' are at great
distances from the body. We assume also that it is possible to draw a fixed contour
A, such that outside A, the motion is that of a KARMAN street.

4. Bvaluation of D;.

The evaluation of D, will proceed on the lines laid down by SyNeE. We shall assume
that as the lines ¢ =y and # = T tend to become infinitely distant from the body,
the value of [¢]," on A depends only on the motion of the vortex train exterior to A,.

The value of ¢ at a point z due to a vortex of strength « at 2, is

e B
?l, = 5-arg (z—2,).

Considering this vortex alone, we have
T o K
[¢]0 - O 3 a’rgs

where 5 denotes the increment of the argument in time T due to the motion of the
vortex. '

The value of j [$7," dy can be split up into two parts: (1) the part due to the vortices
A

in the channel ¥y = 4+ ¢; (2) the part due to the ““image vortices ”’ which arrange

themselves so as to form “‘ image channels.” Let us consider part (1). Let the point
2 lie in the channel y = = ¢ but above the vortex train. Relative to the body the
vortices are moving with a velocity V; — V and hence after time T each vortex will
have moved into the position occupied by the neighbouring vortex on the same row.

* 8yNeE, ‘ Proc. Roy. Irish Academy,’ vol. 37, A. 8 (1927). (Note.—There is an error in Prof.
Syner’s paper—The stability condition is taken to be cosh®ta/b = 3 instead of cosh? ta/b = 2).
VOL. CCXXVIII.—A, 2 .x _
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Thus, if at time ¢ the configuration is that of ABCD, then at time ¢ -+ T, the configuration

is that of A’'B’C’D’. Hence we have for both the upper and lower rows of the trail that
Xdarg(z—=2,) = —T . . . . . ... (8)

Hence if z lies above the trail, then the contribution to part (1) is

— %)+ (—m) =0.

K

or

This is also true if z is below the trail. Thisshows incidentally that part (2) is zero, for
if z is anywhere in the channel y = + ¢, the effect of each ‘‘ image channel ” is zero,
and so the total effect of part (2) is zero. When z is between the rows, equation (8)
still holds for the lower row, but for the upper row we have

X3 arg (z —»,) = -+,
so that between the rows we have

[$]0" = 5- )+——(~W)—K

It is obvious also that the contribution to D, due to each of the lines AD, DC CB is )

zero. ldence

D, = Tej.iuxdy = -T-2Ka = PK“(V — U) -+ 2PK d2 ~~~~~ (9)

] 5. Bvaluation of D,.
We have

D, = 1o UA{(uz — ) dy— 2'225(190}].

We see at once that the contribution to D, arising from the lines BC and DA is zero.
Hence

D, = 1o UA {(@2 — 02) dy — 20w da} +- LD {(@2 — v?) dy — %Mw}]-
Along CD, the components of velocity are — V,;, 0. Hence

ﬁ){(ﬁz — ¥ dy — 2uvds} = j Vedy = — 20V = — 2 [ 2de + szz] .

Along AB, the components of velocity are — + 8¢ — g%- Hence

ﬁ{(m“ ®)dy — 2uvde} = E(U2 -~2Vu—}-u2-——vﬂ) dy —2(—U+w)vde
B - B B B ’
=J' U%ly——?Uj udy+2Uj vdw-{—L(u?—-vﬂdy——%vdx

— 26U% — 4Ukd -+ 5] < ) az,
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where gj means the imaginary part of the integral. Hence

Q22
D, = 1o [@j (‘;2) ds — cd]. ........ (10)
We have now to determine :
Bldo\?
af.(52) e

i Jog (%= id) B4 (2 — id)
2n 85, (Z T id) 5 (Z T id)"

We have

W = —

Let us transfer to the point (0, — ¢) as origin—that is, put z 4 ¢ = y. Let us also put
t(@+¢)=aand b—i(c—a)=p. In addition let us put v/20; = y;, ¢/20; = «,,
B2w; = B;. We get

’uc l B (Y2 — 1) 91 (v — By)
})1 (v1 + 1) & (y1 + 31) :

0w =
Hence

’_i_cl’. [3 1 (v — ) -+ 8’1 (Y2 — B1) _ (Yt o) 8 (i + (31')]
dz 4"‘b o —oag) B (vr— B1)  Si(yi+tea) 8 (va+ Ba)

’I/K

— =0+ =B =L o) — L) 2 et )]

s © () ® (B) _ 1 8 (x) | 91 (B)L
2n{sa(y)—«o< ) T —e(®) o [Mxo ik s;(so]r

It should be noted that dw/dz is an elliptic function of periods 1 and =, and hence

" p 2
j (%;—) dz can, on theoretical grounds, be obtained exactly in terms of known functions.

We have
~F (@) et am ey e <‘§§)}2
T T T R LN VR Vi
e R e R |
~atal e tar e e
" e e

";Z’ — __1__ {3,1 (“1‘ - @1) _ 9 (“1 + (51) . 297, (“1)
Wy (& (“1 — B1) 311(“1 + B1) 9y (“1)
2 X 2

} = pure imaginary,
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and

pure imaginary.:

iqzl{9/1(31"“1)_9/1((31‘|—“1) 28" (@1)1 —
o1 (91 (By —ay) 91 (B1 + 1) 91 (B1) f

We notice that the limits for the new variable are v and y + s, where y is real and w,
imaginary. We have

L= )

j’*"”{@”(“ [ (v +a)— c(y—oc)—2C(a)]—[C’(Y+m){LC’(Y"a)“:zc'(“)]}d”f
B,

e

v+

[log"‘”““; 20000 |- [ 1 + )+ C 1 — o) — 27 ()]

¥

H

where %}, = real part of I,

_ ®” (°‘) o (Y1 + o) 51 ('Yl —_ “1) . 5"’, (Y -+ “) ¢’ (y —«)
o ? () [log 91 (Y1 + 1) 94 (11 —“1)] : [@(Y+“)—ls+ g"('Y“"")—Z:J,

and
J. = imaginary part of I,

@m( )) 20 — 208 (2) ] + ¢ [205 — 205L (2)]

- a2y - e+ 5

b=l ) b i

Similarly if

we have
._..50”(@) a(y1 + B1) 81 (yi — By) 1 (v +B) # (y —B)
4= G [l e = e Y e 2
' _ T [«9’1 (28,) _ 294 ((31)]
- ’ . 91 (28,) 91 (Br) J
N @_t 1 (281) 287 (B [ (By) | ™ (B— o)
lfﬁ 1251 9 (28y) By (@1):1 [31 ((31) += W3 :]

— T e - () ]
I, = LJFgT(‘ng_ﬁ%@‘)

Similarly if
dy,
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we get
N/ Vg 81 () "_EZ“_‘] " —4lo Salyr+ o) & (11— )
wl[&l(u1)+ wg ]’ o= g91(Y1+°‘1)34(Y1’“°‘1),
s __ W3 8“,1(31‘) ™ (B _“1)] A ilo Sa (s + B1) &1 (va — B4)
s ©y |:31 (B1) T g » §e=mrolg 81 (v B1) 8a (v — B1)’
~ We see therefore that

411:2 L g ’ v oy [8 (1) | 81 (By)]2
R (G vt n g ow - {EE e )

g[8 (2d) | 94 (2d)) [mi(e+B—wy) | () | ¥ (B))

N {32 (2:d) + %y (Q@d)}{ w3z + 91 (o) + % (?’1)}
2r %’3 91 (x) | %1 (Bd)|?

T o {31 (21) + 9y (Bl)} |

. tog (&7 (1) | 8" (By) o 975 (1)) - 8 (Bl)gl
20,® { ¥1 (1) + 91 (B) <91 (“1)) <31 (?’1)} f

If in this expression we put ws = 2i¢, w; = b, and

ik [95(2id) | 9 (20d)
U= [ )

4rb (2ed) 94 (2d) |’
we geb
_ |xa )AL gy KRR
Da = ",['b"U(l "27‘)‘4nb(1 0== ]
where
o [y (r id) ¥ (e —id)
 2na { 9, (r +d) 3 (1t —d) |
and
b — { (G tad) 8 (3 — fid)}2
A (17 -+ ud) 9y (37— od) )
¢ { L(Erdad) | 8 (dr —d) (8’1 (3~ + fid))2 N <3’1 (3r — id)“"} '
275 13 (e 130 | Sa (ke — i) \o(br i) \o (b — @) |
This gives 458 g8
exe — P (1 — ) 4 S0
W= (V 20(1 — &)+ ym 1 | k) et (11)
As ¢ > o we have
9"“ (V-—2U +4 T (12)

‘since h, k and 1/c each tend to zero as ¢ ~ . We see, therefore, that the case of the
K ARMAN street in an infinite sea of liquid may be taken as the limiting case of a trail of
vortices in a channel of finite breadth.
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6. The Drag in the Range bjc < 0-815.

2
0-815
are working to an accuracy of within } per cent. We may, therefore, put

In the range b/c < 0-815, ¢ = exp <—— ) = 0-00045 and if ¢ is neglected, we

S ra
U= v tanh 5
_c cosh na /b
ey ey ey ey r- (13)
__4nc cosh? na /b __mc 1 . 1
" b (sinhwc/b + sinhrma/b): 2 l:sin]:l2 m(c +a)/2b  cosh?m (c — a) /2b] J
This gives
— ma[(U) _ [o(1 —#) — coth ™% (3¢ 4 b1 —F) } <E>’] s
W = 4a coth 2 [(3> {2(1 h) — coth 5 (c + — > v eV
=k"pelV2 . . .. (14)

7. Comparison with Experimental Results.

This formula can be tested owing to the existence of some experimental data. The
experimental results required for this work are given by Messrs. FAGE and JOHANSEN in
Table X of the paper* mentioned previously, and they are inserted, with appropriate
alterations in notation, in the first four columns of the following table. In these ex-
periments, a flat plate of width 5-95 inches was used as the obstacle and the walls of the
channel were 84 inches apart. The plate was put at various angles to the incident stream
ofair. The angles of incidence (1) are given in the first column. Instead of tabulating W
directly, we tabulate the non-dimensional drag coefficient &, = W /plV2 where [ is the
length of the obstacle and V is the velocity of the incident stream. All the cases con-
sidered fall within the range in which the mathematical stability ratio is determinate.
In all the following cases the stability ratio a/b, to three places of decimals, is found to
be 0-281. We also find that k can be neglected. By virtue of equations (7) and (13)

we have
Vi - 2a na\ U
'V" = (\1 - "“c Coth ——b-“) v. ...... o o e (15)

If we insert the value of (U/V) given by equation (15) into equation (14), we find that
the calculated values of the drag coefficient are very much greater than the experi-
mental values. This could have been expected for we have assumed that all the
vorticity generated at the sides of the body travels downstream in the form of vortices.
This is not so in practice. Some of the vorticity is annulled by the partial mingling of

* FacE and JoHANSEN, loc. cit.
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the two streams of vorticity in the turbulent region behind the body. This view was
expressed by PRANDTL* in an appendix to a paper by HEISENBERG, and is confirmed
by the experiments of FaeE and JomaNsEN (loc. cit.). This view was adopted by
GLAUERTT and he obtained the result}

44 4 2 U z .
k D=k"+32%<7> e e (16)
If the mingling of the streams of vorticity is to be accounted for in the determination of
k”y, we must put &« where previously we put «, subject to the condition that £ < 1.
In the case of the flat plate as obstacle, if we adopt the purely empirical value

2a

&——1—? coth =% — v,

= (17)

we find that
O L RS ReCTNTE 1, B

This gives results which are in close agreement with experiment and are slightly better
than the values given by GLAUERT’S determination.

Wind tunnel experiments. ky'.
U/V. | 2h ko'
; . . GLAvU-
i W | VYV. | kp. E‘a‘gm E‘ﬁg‘” ERT'S
: ’ value.

90 5-25 0-235 1-065 0-334 0-012 0-889 1-420 0-993 1-166
70 4-85 0-245 0-975 0-337 0-006 0-853 1-307 0-948 1-093
60 4-44 0-240 0-850 0-320 0-003 0-766 1-122 0-843 0-948
50 4-08 0-210 0-690 0-273 0-001 0-625 0-872 0-674 0-7317
40 3-b5 0-185 | 0-50b 0-231 — 0-484 0-637 0-514 0-b4b
30 2-176 0-160 0-325 0-198 — 0-329 0-402 0-342 0.364

In conclusion I would like to thank Prof. S. BropETsky and Mr. A. E. InguAM for
many valuable suggestions.

* ¢ Phys. Z.,” vol. 23, p. 363 (1922).
T ¢ Roy. Soc. Proc.,” A, vol. 120, p. 34 (1928).
1 GravErrT, loc. cit., equation 29.
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